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In the environment of a moving vehicle, ride quality is concerned with the 
sensation or feel of the passenger. Vibration in today's increasingly high-speed vehicles 
including automobiles severely affects their ride comfort and safety. To improve the ride 
comfort, effective vibration control of suspension systems is very important. In this 
study, a semi-active device called magneto-rheological (MR) damper is selected since it 
can provide high controllable force for vibration suppression. Moreover, the semi-active 
system is more stable, consumes less power and less complexity comparing to the active 
system. The objective of this thesis is to study the characteristics of the Two Degree-of-
Freedom (2DoF) quarter car models, and develop an effective semi-active automotive 
suspension system. In this study, there are four reference systems, which are passive, 
skyhook, groundhook, and hybrid suspension systems. Based on the analysis of those 
four systems, the influences of the parameters on each system are discussed. Comparing 
those systems, the optimal system and parameters are identified and this optimal system 
is selected as the reference model for the sliding mode controller. Considering loading 
uncertainty, this controller is used in the automotive suspension systems with MR 
dampers in order to improve the passenger's comfort and safety. In order to show the 
effectiveness of the controller, the controller with the optimal reference model is 
compared with other controllers. The transmissibility analyses and simulation results for 
three kinds of road excitations are used to evaluate the performance of those control 
systems. The vibration responses are evaluated in both time and frequency domains. 
i 
Compared to the passive system, the acceleration of the sprung mass is 
significantly reduced for the system with a controlled MR damper. Under random 
excitation and the road elevation profile, the ability of the MR fluid damper to reduce 
both peak response and root-mean-square response is also shown. The performances of 
different reference models for the sliding mode controller are also presented. The results 
of this study can be used to develop guidelines to effectively integrate automotive 
suspensions with MR dampers. 
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When you were driving a car, or taking a bus, or sitting on a train, did you feel 
anything special? Vibration, it is an unwanted thing during traveling for most people. 
However，have you ever imagined that you can do anything you want stably when you 
are traveling? For example, you can take a bath in a train. You can sleep in a bus as 
comfortable as on your bed. Our objective is to eliminate the vibration for a moving 
vehicle in this dissertation work. Before we discuss how to achieve this goal, some 
background about this thesis is provided. Controllable suspension systems including the 
models of suspension systems, controllable devices and vibration control methods are 
introduced. Previous researches will be presented in the literature review. The 
motivation and objective of this research will also be stated. Finally, the outline of this 
thesis will be described at the end of this chapter. 
LI Controllable Suspension System 
In a moving vehicle, passengers often feel uncomfortable due to the vibration of 
the vehicle body. A suspension system is mainly used to isolate the vehicle body with 
the passengers from road disturbances. It reduces the displacement and acceleration of 
the vehicle body. To improve the ride comfort, effective vibration control of the vehicle 
suspension system is very important. 
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INTRODUCTION  
In this study, controllable suspension systems are considered. This controllable 
system includes three main parts. They are system model, controllable device, and 
system controller. 
I l l Automotive Suspension System 
A Suspension system is used to reduce the undesirable vibration of a moving 
automobile. With different control methods, suspension systems can be classified as 
passive, active and semi-active controls. 
For a passive suspension system, it includes the suspension springs and shock 
absorbers. The shock absorbers normally are dampers, which is used to absorb vibration. 
In general, the mass of the vehicle body is usually called "sprung mass" and the mass of 
the gearbox and the other associated suspension components are called "unsprung mass". 
The passive suspension system can store the energy by the springs and dissipate the 
energy through the dampers. However, the parameters of the passive system are fixed 
and cannot be modulated in accordance with the operating condition of the vehicle. They 
are only synthesized through off-line design techniques and no on-line feedback actions 
are taken. Because of this limitation, the performance of the passive system may not be 
satis&ctoiy for different operation conditions. Therefore, the passive system could not 
be effective to deal with road disturbances and various uncertainties. 
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Comparing to the passive system, the dampers between the sprung mass and 
unsprung mass are replaced by the force actuators in an active suspension system [l]-[9]. 
The actuators are installed in parallel to the suspension springs. Based on the on-line 
measurements from sensors, the operating conditions of the vehicle are monitored. The 
controller receives the signals from sensors, and then it will send suitable commands to 
the actuators based on the control algorithm. Then actuators can generate suitable forces 
or torques to suppress vibration of the vehicle body. The active control system can adapt 
for system variations and provide high performance in wide frequency range. Therefore, 
the active systems could be much more effective than the passive systems. However, 
active systems generally require high power so the cost may be increased. Moreover, the 
systems could be destabilized and the complexity of the systems could also be increased. 
In order to reduce the shortcomings but still keep the benefits of active 
suspension system, the semi-active suspension has been proposed [7]-[17]. For a semi-
active suspension system, the passive dampers in the passive suspension system are 
r印laced with controllable devices. Similar to the active suspension system, sensors can 
measure the operating conditions of the vehicle. The controller will send suitable 
commands to the controllable devices based on the received signals and control 
algorithm. When the controllable devices received the commands, their properties will 
be changed so that suitable damping forces can suppress the vibration. The semi-active 
control can achieve a desirable system performance when comparing to passive system. 
In addition, it consumes less power, less complex and the system is more stable when 
comparing to the active system. 
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112 Controllable Devices 
As mentioned in the previous sub-section, one kind of controllable semi-active 
device is that its properties of the device can be changed. Another semi-active device 
allows changing the size of the orifice, which the hydraulic fluid passes through. In 
order to change the size of the orifice, motor or other actuators are needed. For this kind 
of device，it is not so convenient to use since it needs an extra actuator adding into the 
system. It will also increase the weight and complexity of the system. Therefore, the 
devices with changeable properties could be better choices. There exist two well-known 
semi-active controllable devices. They are the so-called magnetorheological damper 
(MR damper) [24]-[34] and electrorheological damper (ER damper) [22], [35]. Their 
properties can be adapted such that the damping forces are controllable. However, there 
may exist some limitations. For example, ER dampers need very large input voltage, and 
both ER and MR dampers cannot produce arbitrary damping forces to the system so that 
the performances sometimes may not be as good as active control systems. In this study, 
the MR damper is considered. It is used in the suspension system to produce controllable 
damping force. The MR damper is controlled by input voltage. Through the current 
driver, the suitable current will pass to the coil to produce the electromagnetic field 
applying to the MR fluid such that the viscosity of the fluid can be controlled. 
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】丄3 MR Fluid and Damper 
The MR damper is the semi-active device, which contains some MR fluids inside 
the damper. The MR fluids are materials that respond to an applied magnetic field with a 
change in rheological behavior [24]. With this property, the MR fluid devices can be 
applied in vibration control systems and aerobic exercise equipments [30]. The modeling 
and the dynamic characterization of the MR damper have been developed by several 
researchers [31]-[34]. Different control methods for suspension systems with MR 
dampers have also been proposed [23], [39] and [40]. 
1-2 Vibration Control 
In this section, a brief description of the development and the past related 
researches are presented. It covers active, semi-active and robust control of automotive 
suspension systems. 
L2.I Active Control 
Active control systems reduce vibration by using actuators to generate external 
forces. There are several active control algorithms to produce suitable control forces. For 
example，a new nonlinear backstepping design for the control of active suspension 
systems can improve the inherent tradeoff between ride quality and suspension travel [3]. 
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Another active suspension control approach is to use a filtered feedback control 
scheme and a novel compressible fluid suspension strut for a quarter-vehicle suspension 
system [4]. An active suspension employing an electrohydraulic pressure control system 
with optimal parameters can improve both ride comfort and handling properties [5]. 
Taghirad and Esmailzadeh proposed LQG/LQR active control method for automobile 
suspension systems, which can retain both ride comfort and road handling characteristics 
[ 6]. Among these work, the active control method has been shown to be effective for 
vibration suppression. 
入2.2 Semi-active Control 
Semi-active control can change the properties of semi-active devices so that 
suitable damping forces can be generated to suppress vibmtion. There are some 
alternative semi-active control methods. A computer controlled semi-active suspension 
system can improve skyhook control logic to provide better control of the suspension 
parameters as well as improve the trade-off between ride comfort and road handling [10]. 
A new adaptive skyhook control of vehicle semi-active suspensions can provide 
adequate damping for the wheel hop frequency and improve the perfonnance compared 
with the system of the traditional skyhook controller [11]. A modified skyhook control 
for the semi-active Macpherson suspension system, which utilizes a filtered absolute 
velocity of the sprung mass and a filtered relative velocity of the sprung and unsprung 
masses, can achieve competitive performance [14]. Ahmadian performed a deep analysis 
for semiactive control of single and multiple degree of freedom systems [16] and [17]. 
6 
INTRODUCTION  
12.3 Robust Control 
To deal with uncertainties, several robust control algorithms are proposed. A 
robust control called sliding mode control has been developed. A sliding mode controller 
for active suspension system can adapt the change of load and road conditions and the 
performance of the active system is much better than the passive system especially 
around resonance frequency [18]. A sliding mode controller for vehicle active 
suspension systems with non-linearities can improve both the ride quality and handling 
performance. This sliding mode active suspension system also showed robust tracking 
performances even when suspension parameters changed suddenly [21]. A sliding mode 
controller for ER suspension system can provide a favorable control perfonnance and 
effective vibration isolation subjected to parameter uncertainties and external 
disturbances [22]. 
Research Objective 
The objective of this thesis is to develop an effective semi-active automotive 
suspension system. In order to achieve this goal，a parametric study on the 2DoF quarter 
car model for passive, skyhook, groundhook and hybrid suspension systems will be 
performed. Moreover，the influences of parameters on each system will be discussed. 
Based on these analyses, the optimal parameters and system will be found, and this 
optimal system will be selected as the reference model for the sliding mode controller. 
The simulation results for three kinds of excitation inputs will be used to evaluate the 
performance of those control systems. 
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1.4 Thesis Outline 
Chapter 1: An introduction of the passive, active and semi-active suspension system 
with controllable devices and vibration controllers is presented. The comparison in 
advantages and limitations of these three suspension systems are discussed. The 
previous researches in the related areas have been discussed in the literature review. The 
objective of this thesis is also presented. 
I 
Chapter 2: A parametric study of four suspension systems is presented. Based on the 
i 
concept of transmissibility, the characteristics of passive, skyhook, groundhook and 
hybrid suspension systems are studied. Moreover, the comparison between the ideal and 
non-ideal systems for skyhook, groundhook and hybrid semi-active control is discussed. 
The stability and optimization of the suspension system is investigated. 
Chapter 3: The components of the controllable suspension systems are described. 
The formulation of the sliding mode controllers with different reference models and the 
damper controller are developed. 
Chapter 4: The computer simulation results for three different excitation tests are 
presented in this chapter. Bump excitation, random excitation and road elevation profile 
results are analyzed and discussed. 
Chapter 5: The results and conclusions from this study are summarized with some 
recommendations for the future development. 
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Chapter 2 
PARAMETRIC STUDY OF SUSPENSION SYSTEMS 
In order to develop an effective semi-active suspension system, one would like to 
study the characteristics of the system parameters. In this thesis, three semi-active 
I 
control configurations are proposed. They are skyhook, groundhook and hybrid semi- i 
. I active control systems. In order to know the properties of these systems, a parametric | 
analysis for the passive and these three semi-active suspension systems is performed. 
The transmissibilities of those four systems are compared and the characteristics of each 
system are discussed. The differences between the ideal and non-ideal systems for three 
semi-active controls are also discussed. Finally, the stability for those four suspension 
systems and the parametric optimization of the hybrid system are investigated. 
21 System Models and Transndssibility 
A typical primary automotive suspension system can be modeled to a two degree-
of.freedom (2DoF) system, which is so-called 2DoF quarter car model shown in Figure 
1. For this model, the tire is considered as massless spring and both the sprung and the 
unsprung masses are considered. Since the damping of the tires is very small comparing 
to that of the suspension damper, it is relatively insignificant and assumed to be zero 
(see Figure 2). 
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nil rrii � 
Figure 1: 2DoF quarter car model Figure 2 : 2DoF quarter car model (neglecting the tire damping C2 = 0) 
The three semi-active suspension systems can be classified by Ideal and Non-Ideal 
cases. For the Ideal cases, the semi-active devices in off-state will not generate any force 
to the system. However, for Non-Ideal cases, they will generate a minimum force when 
they are in off-state. The comparison between the Ideal and Non-Ideal cases will be 
discussed in the terms of transmissibility. 
2丄1 Passive Suspension System 
With the reference to Figure 2, a quarter of the vehicle mass with passengers is 
represented by a sprung mass m�and the mass of wheels, tires and other components are 
represented by an unsprung mass m2. The vertical motion of sprung mass and unsprung 
mass can be described by ac� and a::�respectively. The excitation due to the road 
disturbance is Xb. Moreover, the suspension spring constant is ki and the tire spring 
constant is ks. The damping coefficient of the damper and the tire are c � and C2, 
respectively. 
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By applying Newton's second law to the quarter car model, the equations of 
motion are: 
By Laplace transform, the equations become: 
+ + ] � 仙 ) 1 一 � 0 "I 
-一 +众 1) +C,)s + (k, + k, ) l x , (j)J “ [{c,s + k,(5)J (2) 
Then the equation (2) becomes 
� J \A\ [ + my+c,s + k, + k^ (5) 
where 
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The displacement transmissibility is the magnitude ratio of the displacement 
output to the displacement input. The displacement transmissibility of sprung mass and 
unsprung mass are Tdj and 恥 respectively. 
n / = A = 份 h)2+(�)2][(Ci6)6)2+(众 1)2] 
1 Xb V ？ T P 
• d \ 
2 可 V ^ ^ 
where 
b = -[Wi (Ci + C2) + m^c, + + )(o, 
Xi and X2 is the amplitudes of the displacement of the sprung mass and unsprung mass 
Xb is the amplitude of the displacement of the base 
Let the mass ratio /w. = /w； / m:, spring ratio kr = kj / 众:，damping ratio of the 
suspension damper q / l ^ f ^ , the natural frequency = , driving 
frequency 0),, and frequency ratio r=a)J The damping of the tire is neglected so 
that C2 = 0. Then the equation (3) becomes: 
= A = - mZ(l + (2Cr)2] 
Xb + 讲人 •\-\)2kX,r' +2Lm rf I— ‘ � 
= 历广2[(1一尸2)2+(2 ⑶ 21 
Xb +/W 人 + 卜(讲 r 
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Similarly, the acceleration transmissibility is the ratio of the acceleration 
amplitude of output to the amplitude of displacement input. The acceleration 
transmissibilies of sprung mass and unsprung mass are Ta! and Th:�respectively. The 
ratio representation of the acceleration transmissibilities are 
斗一 历六 1 + (2C,)2] 
= ^  = 一 I � � 2] - � 
Xb w y - ( K + 讲人 +[一(讲r 
With the reference to [42], the parameters of the quarter car model for a typical 
car are given in Table 1. 
Table 1: Parameters for a typical car 
Parameter — Value 
Sprung mass of quarter car (m,) 454.5 kg 
Unsprung mass of quarter car ( w � 45 .45 kg 
Mass ratio {ntr) 10 
Spring constant of suspension system (k,� 22 kN/m 
Spring constant of tire ( k � 176 kN/m 
Spring ratio (众r) 0.125 
Damping coe伍cient of tire (02) 0 N-s/m 
Substitute the above parameters to the equation (4) and (5)，the displacement and 
acceleration transmissibilities of the sprung mass and unsprung mass of the passive 
suspension system are shown in Figure 3. 
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^ ——�=� I — ; i = o 
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Figure 3 : The displacement and acceleration transmissibilities of the passive system 
The transmissibilities of the passive suspension system for various damping 
ratios are shown in Figure 3. The resonances of this passive system occur around r, = 1 
and r^  = 9.49. For the extreme case f , = 0’ the system becomes mass-spring system. The 
tmnsmissibilities at the natural frequencies are very large. For increasing the damping 
ratio (1，the transmissibility at the first resonance will decrease and the peak of the 
transmissibility of the sprung mass will shift to higher frequency. Therefore, it is a 
tradeoff between the broadband frequency isolation and the resonance control in the 
passive suspension. 
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2丄2 Skyhook Suspension System 
The skyhook control policy for semi-active damper is used to switch the damper 
on or off in order to adjust the damping level to dissipate the energy due to vibration. 
The example in Figure 4 illustrates the on-off skyhook policy. The equations of the 
skyhook policy are 
ViXVi2>0， C = Co„ 
ViXVi2<0， c = C o f f (6) 
where v, represents the absolute velocity of the sprung mass, x, 
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The skyhook suspension system can be classified to "Ideal skyhook system" and 
"Non-Ideal skyhook system". For Ideal skyhook system, the damping coefficient for the 
off-state is 0，i.e. = 0. For Non-Ideal skyhook system, the damping coefficient for 
the off-state is positive number, i.e. c�# > 0 . The Non-Ideal and Ideal skyhook 
configurations are also shown in Figure 5 and Figure 6. 
I “ Y 
严！ 」 ‘ —— m� 」*^7 
I N — Y 
Figure 5 : Non-Ideal skyhook configuration Figure 6: Ideal skyhook configuration 
Based on the on-off skyhook policy, the damping coefficient of the Non-Ideal 
skyhook system is c �及 f o r off-state and for on-state. Since for the 
Ideal case the damping coefficient for off-state should be equal to zero (i.e. c�度=c, =0) , 
the damping coefficient for on-state becomes Then the skyhook policies for 
Non-ideal and Ideal systems become 
Non-Meal-1 W >。，…�”=。丨 
V, XV,2 < 0, c = = c , 
Ideal-\ KXVi2>0，c = c�„=c^, 
V1XV12 <0，C = = 0 � 
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The damping forces of the Non-Ideal and Ideal skyhook systems are illustrated in 
Figure 7 and Figure 8. It can be seen that there is the minimum level of the damping 
force in the Non-Ideal system when it is turned off. When the Ideal system is turned off， 
there is no damping force acting on the system. That is the difference between Non-Ideal 
and Ideal system. 
, % on-state ^ ^ on-state I y T 
off-statel o乃 off-statel ^ � 
. Z c 
巧 、 / 、 
/ / 
Figure 7 : Non-Idea丨 on-off skyhook system Figure 8 : Ideal on-ofTskyhook system 
Note that when comparing the Non-Ideal and Ideal systems, the damping 
CO鄉ciem of on-state should be equal. This is because the maximum damping 
coefficient of the semi-active damper is assumed to be the same for Non-Ideal and Ideal 
systems. The only difference is the damping coefficient for off-state e�# • Therefore the 
damping coefficient of Non-Ideal system for on-state, c�„ 丨 is assumed to be 
equal to the damping ratio of Ideal system for on-state, c�„ = c^  
Before discussing the characteristics of the Non-Ideal and Ideal 2DoF skyhook 
systems，it would also be good to compare the Non-Ideal and Ideal Single Degree-of-
Freedom (SDoF) skyhook systems. 
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The configuration of the Non-Ideal and Ideal SDoF skyhook systems [16] are 
similar to the 2DoF skyhook systems, as shown in Figure 9 and Figure 10. Based on the 
equation of motion, the transmissibility ratio can be found out (see Table 2). For the 
Ideal system, the damping ratio of on-state is f 浙 = and the damping 
ratio of off-state is ( � # = 0. For the Non-Ideal system, the damping ratio of on-state is 
= + and the damping ratio of off-state is 
^.H C H 
Figure 9 : Non-Ideal SDoF skyhook system Figure 10 : Ideal SDoF skyhook system 
Table 2 : Comparison between Non-Ideal and Ideal SDoF skyhook system 
Idea丨 SDoF skyhook system Non-Ideal SDoF skyhook system 
U 厂 J "nz^rj where a = {\-r'f + (2i； 
“ ( 2 C � , )2  
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The comparison of the displacement transmissibility (in Table 2) shows that the 
displacement transmissibility of Ideal skyhook system, (TdOi is smaller than that of the 
Non-Ideal skyhook system, (TdON, V r > 0 , ^ > 0 and > 0. 
Since > 0, > 0 for r > 0. 
Thus (Tc/,)^=J-+->Jl. = (Tc/,),,Va>0andb>0. 
V ^ ^ I a 
For the SDoF skyhook systems, the Ideal system (always with lower 
transmissibility) is better than the Non-Ideal system for vibration isolation. However, is 
the 2DOFIdeal skyhook system better than the 2DoF Non-Ideal skyhook system? Let's 
have a deep discussion. 
Similar to the procedures for the passive system, the transmissibilities of the 2DoF 
skyhook system can be derived. The damping ratio of the "skyhook damper" is 
f , = Cs and damping ratio of the suspension damper is = c, 
For the Ideal skyhook system, the displacement and acceleration transmissibilities are: 
jy , = = 
Xb W y -(K^m^+m^y^ + [-Ik^^/ + 2(、+ 凡,” 
: 斗 I <[(1- —)2+(2(力2] (9) 
A V + 讲人 + 讲 > 2 + 历]2 +[一2 众乂广 3 + 汁 
Ta, = i m:  
A w y -(K + 讲人 + 2 ( � 
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Based on the above transmissibility equations with parameters in Table 1, 
displacement and acceleration transmissibilities of Ideal skyhook system for different 
damping ratios are shown in Figure 11 • 
io4 丨 I I I : ——,——, , _ _ £ — � = o ? |一、= 0 
i — =0.5 t _ c.=0.5 I 
1 I — < = 2 �I 1 I — “ Q 认 
i i � � < k _ j ^ ^ 乂 
5 10 -21——.——, , , § • • . . 0 2 4 6 8 10 0 2 4 6 8 AO 
Frequency ratio: r = wb/Wn Frequency ratio: r = wbAwn 
. i�<| • ‘ • 10", 
CO � I ^ I — � = � 
1 10^  . I t —入=0.5 
W A fi 5 . . . ； = 1 . 0 •2 J\ S 10 8 , . 
卜 , 
i A - I I -- . � = 1.0 . I ( 
g _ ？ =2.0 8 
< -4 � � 2 4 6 8 10 lO'o ^ J 6 S  
Frequency ratio: r = wb/Wn Frequency ratio： r = wb/Wn 
Figure 11: Transmissibility of the Ideal skyhook system 
In Figure 11，the displacement transmissibility of the sprung mass, Tdi, of the 
Weal skyhook system around the second mode, r 二 6 to 10, are similar for different 
damping ratios, . Note that for C = 0 , i t i s the passive system with no damping effect, 
fi = 0. Comparing to the passive system without damping effect, the behavior of the 
Weal skyhook systems (for different damping ratios, f J around the second mode are 
very close because there are no damping effect between the sprung mass and unsprung 
20 
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mass. If the excitation frequency to the Ideal skyhook system is near to the second mode, 
it will reach resonance like a spring-mass system. For the first mode shown in both 
displacement and acceleration transmissibilities of the sprung mass, Tdj and Tai, the 
higher damping ratios, the lower transmissibilities will be. 
For the Non-Ideal skyhook system, the displacement and acceleration transmissibilities are: 
Td K [ 1 + (2C,)2] 
1 习 i 〜 2 + 办 r - (11) 
Xb V 
Xb i。“ 2+办 / 
.. i - T - (12) 
2 Xb ]l 
where 
^N =ky - + / W 人 人)r2 
In order to compare to the Ideal skyhook system, parameters of the Non-Ideal 
skyhook system are the same as the Ideal skyhook system, which are shown in Table 1， 
while the damping ratios f丨 and are varied. Similar to the SDoF case, the damping 
ratio of on-state is = = and the damping ratio of off-state is f�及=0 
for the Ideal system. The damping ratio of on-state is f � ” = (c, + � 1 ) / 2 ^ ^ = +仏 
and the damping ratio of off-state is ( � # for the Non-Ideal system. 
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Frequency rat.o Frequency ratio Figure 12 : Displacement transmissibility Figure 13 : Acceleration transmissibility 
Based on Equations (9) - (12)，the transmissibilities for Non-Ideal and Ideal 
skyhook systems are shown in Figure 12 and 13. Two systems are under the same 
conditions that we have mentioned (same parameters and same damping ratio at on-
state). There are five cases in both two figures. Curve (1) is the passive system with the 
damping ratio =Coff=Ci =0.5. Curve (2) is the Ideal skyhook system with the 
damping ratio of "skyhook damper" f � „ =0.5 • Curve (3) is the Ideal skyhook 
system with the damping ratio of "skyhook damper" f � „ = ( , = 1. Curve (4) is the Non-
Ideal skyhook system with the damping ratio of the suspension damper f � # =(丨=0.25 
and the damping ratio of the "skyhook damper" =0.5-0.25 = 0.25. Curve 
(5) is the Non-Ideal skyhook system with the damping ratio of suspension damper 
(off = Ci = 0.25 and the damping ratio of "skyhook damper" = = 0.75 In 
these figures, it can be seen that the Ideal system is not always better than the Non-Ideal 
system especially around the second mode. So the situation in the 2DoF system is 
different from the SDoF system. 
I 
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For the Curves (1), (2) and (4), the maximum damping ratios are the same 
(fo” =0.5 ). Around the first resonance r = 1, the displacement and acceleration 
transmissibilities of the passive system are the highest but the Ideal skyhook system has 
lower transmissibilities comparing with the Non-Ideal skyhook system. It is because the 
Ideal skyhook has no coupling effect between the sprung mass and unsprung mass. 
Around the first mode, less coupling effect between the sprung mass and unsprung mass, 
less transmissibilities will be. So Non-Ideal skyhook system (less coupling effect and 
transmissibility levels) is also better than the passive system. On the other hand, the 
Ideal skyhook system has the highest transmissibilities around the second resonance 
尸=9.49. However, the Non-Ideal skyhook system has similar transmissibilities to that 
of the passive system. Since both passive and Non-Ideal skyhook systems have damping 
capacities between sprung mass and unsprung mass, the transmissibilities around the 
second mode are much less than that of the Ideal skyhook system which has no damping 
effect around the second mode. The Ideal skyhook system behaves like a pure spring-
mass system to reach the resonance in the second natural frequency. Comparing Curves 
(2) and (3)，increasing the damping ratio f � „ could decrease the transmissibilities for the 
Ideal skyhook system. Similarly, Curve (4) and (5) show that the transmissibilities of the 
Non-Ideal skyhook system with larger damping ratio f � are lower. However, 
comparing the Non-Ideal system and Ideal system with same damping ratio around 
first mode (see Curves (2) & (4) and Curves (3) & (5))，the transmissibilities ofNon-
Weal skyhook system are still higher lhan those of the Ideal skyhook system. Therefore, 
the 2DoF Ideal skyhook system is NOT always better than the 2DoF Non-Ideal skyhook 
system. 
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2.1.3 Groundhook Suspension System 
Similar to the skyhook control policy, the groundhook control policy is also used 
to switch the damper on or off. -However, the objectives of them are different. The 
skyhook control is used to minimize the vertical motion of the sprung mass. The 
groundhook control is used to minimize the vertical motion of the unsprung mass. The 
example in Figure 4 illustrates the on-off groundhook policy. The equations of the 
groundhook policy are 
-^2XV,2>0, C = C 浙 
-V2XVI2<0， C = COFF (13) 
where v: represents the absolute velocity of the unsprung mass, 
v,2 represents the relative velocity across the damper, i, - x^  
When the relative velocity across the damper v丨�and the absolute velocity v: of 
the unsprung mass are positive, the damping force F^ acting to the unsprung mass is 
pulling it up. The minimum damping is desired to reduce the pulling force acting on the 
unsprung mass. Similarly, if the v,2 and v: are negative, the minimum damping is 
needed to reduce the damping force, which pushes the unsprung mass. When v,2 
changes to negative but v � i s still positve, the damping force pushes the unsprung mass 
down. The maximum damping is desired to resist the unsprung mass moving upward. If 
Vi2 changes to positive and v: changes to negative, the maximum damping is also 
needed to pull the unsprung mass in order to maintain the original position. 
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Figure 14 ： Example for groundhook control polky ！ 
i 
The groundhook suspension systems are similar to the skyhook systems that can 
be classified to "Ideal groundhook systems" and "Non-Ideal systems". For the Ideal 
groundhook system, the damping coefficient for the off-state is 0’ i.e. c�# = 0，and the 
damping coefficient for the on-state is c�„ = . For the Non-Ideal groundhook system, 
the damping coefficient for the off-state is positive number, i.e. c�丑=c丨 > 0 and the 
damping coefficient for the on-state is . The Non-Ideal and Ideal 
groundhook configurations are shown in Figure 15 and Figure 16. 
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" • J ? � 
Figure 15 : Non-Ideal groundhook configuration Figure 16 : Ideal groundhook configuration 
The groundhook policies for the Non-Ideal and Ideal systems are similar to 
skyhook systems. The groundhook policies and the transmissibility equations are shown 
below: 
Groundhook policies: 
Non-Ideal l - X V , : > 0 , … 如 = … 
-V2XV,2 <0, C = (14) 
“ , -V2XV,2 >0，C = C =C 
Ideal: 2 12 � «« -V2XVI2<0，C = = 0 (15) 
For the Ideal groundhook system, the displacement and acceleration tmnsmissibilities are: 
r^ /i = A = I ！ ^ 
风=# = p^^^mmz^i^iEizzziit^ (16) 
Xb y l V -iK + 讲人 ^rny 
Ta, = A =,2 I rn,  
Xb Wy-iK + 讲人 广 
Xb \ IKr ' - ( K + 讲人 +[-2免 
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Note that the damping ratio of the "groundhook damper" is f = c /zSnTT and 
客 S 1 1 
the damping ratio of the suspension damper is f , . Based on above 
transmissibility equations with the same parameters shown in Table 1 and different 
damping ratios , the transmissibilities of the Ideal groundhook systems are shown in 
Figure 17. 
, i � 4 |— — ‘ — — • ‘ ‘ 10^  ——._—-
£ 一 I 
i 10� - . f - < = 0.5 
i „ A — V2-0 1 一；g=2.o -r 
c . ^-2 - � c r ' • - * ^ ^ — — — — -I 10 • I ^ 
m g-
己 10"M . . , , Q 10 ' • 丨 0 2 4 6 8 10 0 2 J 1 1 ~ ~ 
Frequency ratio: r = wb/wn Frequency ratio: r = wb/wn 
.10\ n 仆 5 
^ ——�=O • — ‘ — - ~ ~ n T , —�G=0.5 ^ 人 i 10 • I - . . ； =1.0 • I 
l 1 � � I I � 
I 10-2 r 一、=0.5 ® - . - C = 1.0 o o g 
^ , 8 一； =2.0 
10 ‘———. . . . < ° 0 2 4 6 8 10 2 ~ i 6 ~ 8 ~ 1 
Frequency ratio: r = wb/wn Frequency ratio: r = wb/wn 
Figure 17 : Transmissibility of the Ideal groundhook system 
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In the Figure 17’ the damping ratio = 0 means that it is the passive system 
without damping effect, i.e. = 0 . Note that the behaviors of the Ideal groundhook 
system (for different damping ratios, around the first natural frequency are similar 
to the passive system without damping effect. The reason is that there are also no 
damping effects to the sprung mass for those two systems. If the excitation frequency of 
the Ideal groundhook system is near to the first natural frequency, it will reach the 
resonance like the passive system without damping, which is a spring mass system. In 
both displacement and acceleration transmissibilities of the sprung mass around the 
second mode, Tdi and Taj, system with larger damping ratio (f容)will have lower 
transmissibilities (Td^  andTa,). 
For the Non-Ideal groundhook system, displacement and acceleration transmissibilities are: 
Td K [ l + (2Cir)2] 
(18) 
Xb V � 2 +办 
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Using the same parameters shown in Table 1 and the varied damping ratios 
and f 塞，the comparison between the Non-Ideal and Ideal groundhook system is 
shown in Figure 18 and Figure 19. Similar to the skyhook systems, the damping ratio of 
the Ideal system for on-state is (卯=c宏 ll^m^k^ and the damping ratio for off-
state is f � , = 0 . For the Non-Ideal system, C = (c, = ?i + is the 
damping ratio for on-state and Coff = (i 丨 = is the damping ratio for off-state. 
10% . 10% 
I I — ；。„-�.5 1 ‘ ‘ ~ ~ 
>^10 . I 一 (3)S>„_0 ： 10 . A   
1 A -- w >^"-O.25;o„-�.S ： t - r r r r r r r r . ~： 
i i � i ^^^^^^ i ° / 
I I I 一⑴;。"-。_5、„-0.5 1. 
! 1 � . 2 I —丨二卜-�；。 
10 off on - - W c . -0 .25 ； -0.5 • 
on on 
10-4 • • . . • 1 一 < • 。 . 〜 1 
° 2 4 6 8 1. 0 2 ： 6 8 ^。 
Frequency ratio Frequency ratio 
Figure 18 : Displacement transmissibility Figure 19 : Acceleration transmissibility 
Figure 18 and Figure 19 show the comparison of the displacement and 
acceleration transmissibilities between the Non-Ideal and Ideal groundhook systems of 
the sprung mass. Both the Non-Ideal and Ideal system have the same parameters and 
same damping ratio of on-state. There are five cases in each figure. Curve (1) shows the 
transmissibilities of the passive system with damping ratio f 浙 = = = 0.5. Curve 
(2) shows the transmissibilities of the Ideal groundhook system with the damping ratio， 
29 
PARAMERTRIC STUD Y OF SUSPENSION S YSTEMS  
^on = =0.5. Curve (3) shows the transmissibilities of the Ideal groundhook system 
with the damping ratio, =1. Curve (4) shows the transmissibilities of the Non-
Weal groundhook system with the damping ratio of suspension d a m p e r , ( �度= = 0.25 
and the damping ratio of "groundhook damper",(塞=f^ - f ^ =0.5-0 .25 = 0.25 
Curve (5) shows the transmissibilities of the Non-Ideal groundhook system with the 
damping ratio of suspension damper ( � # = 0.25 and the damping ratio of the 
"groundhook damper", f客=；。„ =1-0 .25 = 0.75. In these two figures, it can be 
shown that the Ideal system is also not always better than Non-Ideal system especially | 
around the first natural frequency. 
1 
Comparing the Curve (1)，(2) and (4)，the maximum damping ratios are the same 
that means the damping ratio of the passive system is equal to the damping ratios of the ‘ 
Non-Ideal and Ideal groundhook system for on-state, (i.e. =0.5). Around the first 
natural frequency r = l ,the displacement and acceleration transmissibilities of the Ideal 
groundhook system are the highest but the passive system has lower transmissibilities 
comparing with the Non-Ideal groundhook system. The reason is that the Ideal 
groundhook has no damping effect on the sprung mass so that the transmissibilities will 
be the highest And also, the Non-Ideal groundhook has no enough damping effect on 
the sprung mass comparing to the passive system. Therefore, the passive system has 
lower transmissibilities than the groundhook system around the first natural frequency 
However, the groundhook systems are better than passive system for other frequency 
range. 
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On the other hand, the Ideal groundhook system has the lowest transmissibilities 
around the second natural frequency A* = 7.75. Moreover, the transmissibilities of the 
Non-Ideal skyhook system are lower than the passive system. Since the Ideal 
groundhook system has largest damping effect to the unsprung mass (but no coupling 
effect between sprung mass and unsprung mass), the transmissibilities around the second 
mode are much less than that of the Non-Ideal groundhook system. The passive system 
has larger coupling effect between the sprung mass and unsprung mass so the 
transmissibilities of the sprung mass around second mode is higher. Therefore, the Ideal 
groundhook system is better than the Non-Ideal groundhook system and passive system 
around the second natural frequency. 
Comparing for the Ideal groundhook cases. Curve (2) and (3), increasing the 
damping ratio (如 can decrease the transmissibilities for the Ideal groundhook system. 
Similarly, Curve (4) and (5) show that the transmissibilities of the Non-Ideal 
groundhook system with larger damping ratio (例 are lower. However, comparing to the 
Non-Ideal and Ideal system with same damping ratio ；。„ around second mode (refer to 
the Curve (2) & (4) and Curve (3) & (5))’ the transmissibilities of the Non-Ideal 
groundhook systems are still higher than that of the Ideal groundhook system. It can be 
shown that the Ideal groundhook system has good ability for vibration suppression 
around the second mode (larger damping ratio is better) but it has resonance around the 
first mode. Although the Non-Ideal groundhook system is not as good as Ideal 
groundhook system around the second mode, it has a good performance in a wide 
frequency range (especially for both first and second mode). 
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2.1.4 Hybrid Suspension System 
The hybrid system can combine skyhook and groundhook systems to take 
advantage of the benefits of both of them. The hybrid system can allow user to specify 
the controller how close to the skyhook or groundhook system so that it can be used to 
provide proper control on both sprung mass and unsprung mass depending on different 
applications. The hybrid policy is the linear combination of the equation (6) and (13) and 
. . I it is shown below: ； 
ov丨 xvi2-( l - a)v2xv丨2<0’ c = COFF (20) ‘ 
where v, represents the absolute velocity of the sprung mass, x, 
V2 represents the absolute velocity of the unsprung mass, x^  ； 
Vi2 represents the relative velocity across the damper, i：, -x^ 
a represents the hybrid gain to specify the controller how close to the I' 
I skyhook or groundhook system j' 
» 
I 
The damping coefficient is also the linear combination of the damping 
coefficients of the skyhook and groundhook systems, i.e. 
Coff + ( l -a )c i 
� ( 2 1 ) 
Coff = 
Let then combine the equation (20) and (21) that becomes: 
XV,2 — (1-«)V2 XV,2 > 0, c = c如=c, 
«Vi X V12 - (1 - oc)v, X V12 < 0’ c = Coff = Cj (22) 
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Figure 20 shows the example for hybrid control policy with the hybrid gain, 
a = 0.5. When the linear combination of the skyhook policy and ground policy is 
positive (i.e. ay^  x^^ - ( l - c t K x^u > 0)，the maximum damping is desired to balance 
the motion between the sprung mass and unsprung mass. Similarly, if the combination of 
the skyhook policy and ground policy is negative (i.e. av^  x v!: 一 (1 一 o O v � xv^j <0) , the 
minimum clamping is desired so that no extra damping effect to increase the vibration. 
The hybrid gain a is used to adjust the weight between skyhook and 
groundhook policy. If the hybrid gain equal to zero (i.e. a = 0 )，the hybrid policy 
becomes the same as the grounhook policy. If the hybrid gain equal to one (i.e. a = 1 )， 
then it becomes to skyhook policy. The hybrid gain, a , can be adjusted to provide the 
proper compromise between the motion control of sprung mass and the motion control 
of unsprung mass. 
For the example showing in the Figure 20, a = 0.5 is selected. Note that this 
hybrid system tries to balance the weight between skyhook and groundhook (same 
degree of importance). One question could be asked: What is the suitable value for the 
hybrid gain? In the following section, we will try to answer this question with some 
analyses. 
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Figure 20 : Example of Hybrid control policy 
The hybrid suspension system is similar to the skyhook and groundhook system 
that can also be classified to "Ideal hybrid system" and "Non-Ideal system". For the 
Ideal hybrid system, the damping coefficient for the off-state is 0’ i.e. c�# = 0，and the 
damping coefficient for the on-state is c�” = c^. For the Non-Ideal hybrid system, the 
damping coefficient for the off-state is positive number, i.e. c � , = c! > 0 and the 
damping coefficient for the on-state is c�” = c, + c；,. The Non-Ideal and Ideal hybrid 
configurations are also shown in Figure 21 and Figure 22. 
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Figure 21: Non-Ideal hybrid configuration Figure 22 : Ideal hybrid configuration 
It was mentioned that the hybrid policies for Non-Ideal and Ideal system are 
similar to the skyhook and groundhook systems because it is the linear combination of 
the skyhook and groudhook policies. Then, the hybrid policies for the Non-Ideal and 
Ideal systems are shown below: 
Hybrid policies: 
Non-Ideal \{ . (23) I aViXVi2-(l-a)V2XVi2 <0， C = Coff=C\ 
aViXVi2_(l_«)V2XVi2>0， C = Ideal: . 八 （24) [avixvi2-(l-a)v2xvj2 <0, c = 
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For the Ideal hybrid system, the displacement and acceleration transmissibilities are: 
^ V …2+办,2 
” 2 _ Jf, 2 讲 r 
Xb (26) 
iU2 = = ' - 2 2 ^b V a； +bi 
where 
Note that the damping ratio of the "skyhook damper" f 方=c^  /l^m^k^ is equal 
to the damping ratio of the "groundhook damper" 1 . Since =Cf,, 
the damping coefficient of combining "skyhook damper" and "groundkhook damper" is 
ac^ + il-a)Cg =ac^+Cf,-aCf,=Cf, . Therefore the damping ratio of the combined 
dampers of hybrid system then becomes l^ m^k^ and damping ratio of the 
suspension damper is f! = 0. Based on above transmissibility equations with the same 
parameters shown in Table 1，different hybrid gain a and the constant damping ratio 
the displacement and acceleration transmissibilities of the Ideal hybrid system 
are shown in Figure 23. 
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In the Figure 23, the hybrid gain a = 0 means that it is the Ideal grounhook 
system with damping ratio (refer to Figure 17). On the other hand, the 
hybrid gain a = 1 means that it is the Ideal skyhook system with damping ratio 
二 = f h = 1 (refer to Figure 11). For the hybrid gain between 0 and 1 (i.e. 0 < a < 1), the 
hybrid system has the compromised behaviors of the skyhook and groundhook systems. 
As the previous discussion, the skyhook system can reduce the transmissibilities around 
the first mode and the groundhook system can also reduce the transmissibilities around 
the second mode. With the hybrid effect (i.e. 0 < a < 1), the transmissibilities around 
bolh first and second mode can be compromised (refer to Figure 23 for a = 0.25，0.5’ 
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and 0.75). If the hybrid gain is smaller (e.g. a = 0.25), the performance is much similar 
to the groundhook system. The transmissibilities around first mode are higher but around 
the second mode are lower. If the hybrid gain is larger (e.g. a = 0.75 )，the performance 
is much similar to the skyhook system. The transmissibilities around first mode are 
lower but around the second mode are higher. When the hybrid gain set to be equal 
weight for skyhook and groundhook (i.e. a = 0.5), it seems that the transmissibilities 
around the both first mode and second mode can be balanced such that the 
transmissibilities around the whole frequency range can be under a low level. But now it 
cannot be said that a = 0.5 is good enough or not. Therefore, the next following section 
will try to find the optimum value of the hybrid gain. 
Now back to the transmissibilities of hybrid system. For the Non-Ideal hybrid 
system, the displacement and the acceleration transmissibilities are: 
Td = 乱 K [ 1 + (2C,)2] 
(27) 
2习 i �2 
TP 孔一 E S i Z i 
1 习 y “ A V  
‘ ^ 11 < 
where 
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Using the same parameters shown in Table 1 with a = 0.5 and the varied 
damping ratios f j and f；,，the comparison of the Non-Ideal and Ideal hybrid system is 
shown in Figure 24 and Figure 25. In the previous discussion, the damping ratio of the 
Ideal hybrid system for on-state is f � „ = c办 =(办 and the damping ratio for off-
state is Coff = The damping ratios of the Non-Ideal hybrid system for on-state and off-
state are Con = = and = c, = ’ respectively. 
10’ ‘ • I I . , , —(1)C -0.5 t, -0.5 
on on -
—<2Ko"-�、膽 0.5 
。 ^ ^ 一(3)、-° ‘。„-1 ,10。. ——  
_ _ ( 4 )、 - 0 . 2 “ 。 ， 0 . 5 • - / •“~‘ 
I J � " - � . 2 5 ‘；1 I � � 
I 
~ 3 10 一 (3)C -0 C -1 
Q < off on 
- - ⑷ ； ； - 0 . 5 oft on 
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Figure 24 : Displacement transmissibility Figure 25 : Acceleration transmissibility 
In the Figure 24 and Figure 25, the comparisons of the displacement and 
acceleration transmissibilities between the Non-Ideal and Ideal hybrid systems of the 
sprung mass are shown. There are five cases in each figure. Curve (1) shows the 
transmissibilities of the passive system with the damping ratio,；。甘=0.5. It is the 
baseline, which is used to be a reference. Comparing to the Ideal hybrid case. Curve (2) 
and the Non-Ideal hybrid case. Curve (3)，the transmissibilities of the Ideal case are 
higher around the first mode but they are lower than Non-Ideal and passive cases for 
higher frequency ration, r >1.5 . 
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For the Non-Ideal cases, the transmissibilities are similar to the passive case. Curve (1)， 
around the first mode (see Curve 2 and Curve 4). For r >1.5, the transmissibilities of 
the Non-Ideal cases are lower than the passive case but higher than the Ideal cases. 
Comparing for the Ideal hybrid cases, Curve (2) and (3)，increasing the damping 
ratio ；。„ can decrease the transmissibilities for the Ideal hybrid system for all frequency 
range. Similarly, the transmissibilities for the Non-Ideal hybrid cases (see Curve (4) and 
(5)) are lower with larger damping ratio f 渊.Comparing the Non-Ideal and Ideal 
systems with the same damping ratio ( � „ around second mode (refer to Curve (2) & (4) 
and Curve (3) & (5))，the transmissibilities of the Non-Ideal hybrid system are little bit 
higher than the Ideal hybrid system. However, the transmissibilities of the Non-Ideal 
hybrid system are little bit lower lhan the Ideal hybrid system around the first mode. It 
can be shown that the hybrid systems somehow are similar to the groundhook systems 
but the transmissibilies of the hybrid systems have not the larger resonance peak as 
groundhook case. Although the transmissibilities of the Ideal hybrid system is a little bit 
higher comparing to the Non-Ideal hybrid system around the first mode, it has a good 
performance in a wide frequency range (except for r <1.5). 
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2.1.5 Comparison among four suspension systems 
In the previous sub-sections, a deep discussion about the passive suspension 
system and the three semi-active suspension systems (skyhook, groundhook and hybrid 
for the Ideal and Non-Ideal cases) has been presented individually. Now, we try to 
compare the properties of those systems in the terms of transmissibility. The 
displacement and acceleration transmissibilities of the sprung mass and unsprung mass 
of the passive system and the Ideal semi-active systems are shown in the Figure 26. 
y . , • • — , 10 .^ , . I passive ^ passive I — skyhook 丨 3 — skyhook 1 A groundhook i = ^^  [ — groundhook I « /V - - hybrid \ « - - hybrid ‘ - ^ A - ^ “ I .<2 2 “ I 
I 10 层 1 0 
! i � / � 
E . - E __ Z 
<2 M -
° 10^ ‘ 己 10-it . • . 
0 2 4 6 8 10 0 2 4 6 8 t o Frequency ratio Frequency ratio 
10^ 1 , . 10% - c n ^ I • ‘ 
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Figure 26 : Comparison of passive and three Ideal semi-active suspension systems 
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The parameters are the same as previous sub-sections. For the system parameters, 
it is shown in Table 1. The damping coefficient of the passive system is f j = 1. For the 
three semi-active systems, the damping coefficient of the on-state is f ^ = 1 and off-
state is f � # = 0 . For the hybrid system, the hybrid gain is a = 0.5. That means the 
weight of the skyhook and groundhook behaviors are the same. 
The passive system is chosen to be a baseline that is used to compare those three 
semi-active systems. Under same situation (same system parameters and same maximum 
damping ratios), the groundhook system has a resonance around the first natural 
frequency but the skyhook system has a resonance around the second natural frequency 
so that their transmissibilities around their resonance frequency ranges are higher than 
the passive system. There is an intersection point around the frequency ratio r = 3 in 
each transmissibility figure of the sprung mass (Tdi and Tai). Before this intersection 
point, the skyhook system has lowest transmissibility level but the groundhook system 
has lowest transmissibility level for the frequency larger than this point. The curves of 
the transmissibilities of the hybrid system seem also across this intersection points but in 
the section 2.4.3 will show that it is not true. For all frequency range, the 
transmissibilities of the hybrid system are lower than passive system. Since the hybrid 
system doesn't have any peak around the natural frequencies, the effective frequency 
range of the Ideal hybrid system is wider than the Ideal skyhook and Ideal groundhook 
system. Note that the acceleration transmissibility of the hybrid is decreasing for 
increasing the frequency ratio. It seems that the maximum point is around the frequency 
range 1 < r < 3. 
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Is the maximum point at the intersection point? If the answer is YES, can we use 
this information to find the optimum parameters of the Ideal hybrid system? This is an 
interesting issue. We will try to find the answer in the next section. Now, let's discuss 
the comparison between the passive system and the Non-Ideal semi-active systems. 
Again, the parameters are the same as Ideal cases except the damping coefficient of the 
off-state. For the system parameters, it is shown in Table 1. The damping coefficient of 
the passive system is f! = 1. For the three semi-active systems, the damping coefficient 
of the on-state is ；。„ = 1 and but the off-state is ；。开=0.5. For the hybrid system, the 
hybrid gain is also a = 0.5. 
io\ . • • . . . . , , 
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Frequency ratio Frequency ratio Figure 27 : Comparison of passive and 3 Non-Ideal semi-active suspension systems 
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Same as the Ideal systems comparison, the passive system is chosen to be a 
baseline that is used to compare those three Non-Ideal semi-active systems. Under same 
situation (same system parameters and same maximum damping ratios), the differences 
of the transmissibilities level between all suspension systems are less than the Ideal case. 
The groundhook system still has a peak (lower peak compare to the Ideal system) 
around the first natural frequency and it is a little bit higher than the passive system. 
Moreover, the skyhook system also has a small peak around the second natural 
frequency. Actually, the transmissibility level of this peak is similar to passive system. 
Similar to the Ideal case, there is an intersection point around the frequency ratio 
r = 3 in each transmissibility figure of sprung mass (Tdi and Tai). Before this 
intersection point, the skyhook system has the lowest transmissibility level but the 
groundhook system has the lowest transmissibility level when the frequency is larger 
than that point. On average, the displacement transmissibility of the hybrid system is 
relatively low for the whole frequency range. The curves of the transmissibilities of the 
hybrid system seem also across this intersection points. Actually, we have already 
discussed in the sub-section of hybrid suspension system that the Ideal hybrid system is 
better than the Non-Ideal hybrid system for overall frequency range. Now comparing 
Figure 26 and Figure 27, the transmissibilities level of the hybrid system are relatively 
low for both Ideal and Non-Ideal cases. In addition, the transmissibilities level of the 
Ideal hybrid system is lower than the Non-Ideal hybrid system. Therefore, we can say 
that the Ideal hybrid system has the best performance for vibration suppression from this 
particular set of the system parameters. 
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2,2 Characteristics analysis 
The previous section has shown the transmissibility equations of the passive and 
three semi-active suspension systems with Ideal and Non-Ideal models. The 
transmissibility equations are the functions of multiple variables. In this section, we aim 
to study the characteristics of the transmissibility by changing different parameteres and 
setup design guidelines for selecting suitable parameters for suspension systems. 
2.2.1 Passive Suspension System 
Since the acceleration of the sprung mass is the major consideration factor, the 
trend of the acceleration transmissibility of the sprung mass will be discussed in this 
section. However, the acceleration transmissibility equation is the function of mass ratio 
m” sprung ratio k” damping ratio f ,and frequency ratio r. It is necessary to specify 
the range of those parameters. In this study, the frequency ratio r is 0:0.01 ： 10，the 
mass ratio m^  and spring ratio k^  are selected to be 0.1, 1 and 10 and the damping ratio 
f is selected to be 0, 0.5 and 5 (see Table 3). 
Table 3 : Range of the parameters of the acceleration transmissibility equation 
Mass ratio, m^  0.1, 1 and 10 
Spring ratio, k^  0.1，1 and 10 
Damping ratio, ^ 0, 0.5 and 5 
Frequency ratio，r Q ： 0.01 ： 10 
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In Figure 28, there are 9 graphs. For the column 1, the mass ratio is kept constant 
i.e.w, = 0.1 and the spring ratio is varied (0.1, 1 and 10 from top to bottom). Similarly, 
for the column 2 and 3, the mass ratio m^  =land/w^ =10 respectively and the spring 
ratio is also varied from top to bottom (k^ =0.1, 1 and 10). For each graph, there are 
three curves, which are respected to three damping ratios f = 0,0.5 and 5. 
— ； = 0 ~ 
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 
r r r 
10' . k r = 1 ; n u = 0 . 1 10' k r = l ; m r = l kr= 1 ； m r : 10 
； : Q 
0 2 4 6 8 10 0 2 4 6 8 10 0 2 ： ； ； ；Ij 
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Figure 28 : Acceleration transmissibility of passive system with varied parameters 
It can be seen that there are two peaks of the acceleration transmissibilities 
(where one peak for the case 10 and r^ = 0.1)is out of frequency range shown) for 
the damping ratio is zero (i.e. f = 0). The difference between two natural frequencies of 
the acceleration transmissibilities Ta is increased when the mass ratio mr is increased It 
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is more obvious wiien the spring ratio is small (refer to the first row of Figure 28). 
Moreover, the transmissibility level is decreased for decreasing the mass ratio and 
increasing the spring ratio. For the damping ratio is not equal to zero ( ( =0.5 and 5), 
there are only one peak of the acceleration transmissibility. For the damping ratio 
f = 0.5 , the transmissibility level is the lowest comparing to f = 0and5. It implies 
that the optimum damping ratio exist in this range. With suitable damping ratio, the 
lower transmissibility level will be obtained. About how to find the optimum damping 
ratio, it will be discussed on next section. Table 4 shows the effect of the transmissibility 
level by changing different parameters. This is useful for the suspension system design. 
Definitely, there are many constraints for designing a suspension system (e.g. tire 
deflection limit, weight of the suspension system, weight of the vehicle etc.) so it is not 
so straightforward to apply. However, it is a good reference for design consideration. 
Table 4 : Effect of parameters to transmissibility level for passive system 
Transmissibility level Mass ratio Spring ratio Damping ratio 
h i g h l a r g e SMALL LARGE or SMALL 
一 LOW SMALL LARGE OPTIMIZED 
2.2.2 Skyhook Suspension System 
With the same parameters (shown in Table 3), the acceleration transmissibilities 
of skyhook system are shown in Figure 29. There are also 9 graphs in Figure 29. The 
pattern is similar to passive system but there are five curves for each graph, which are 
respected to five damping ratio pairs. For ；。” = 0 and = 0，it is the undamped 
passive system. For (�j^ = 0，they are the Ideal skyhook cases and for (。及 > 0，they are 
Non-Ideal skyhook cases. 
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Figure 29 : Acceleration transmissibility of skyhook system with varied parameters 
In the section 2.1.2, the comparison between the Ideal skyhook system and the 
Non-Ideal skyhook system has been discussed. This section will focus on the effect of 
different parameters to the acceleration transmissibility of both Ideal and Non-Ideal 
skyhook systems. For the case of passive system without damping f � ” = Oand ( # = 0 
it is the base line and used to compare the skyhook systems. It can be seen that there is 
only one peak of the acceleration transmissibility for the Ideal skyhook system. When 
the smaller mass ratio and larger spring ratio are selected, the transmissibility level is 
decreased. Moreover, the peak of the acceleration transmissibility is shift to left such 
that the natural frequency will be smaller. In addition, the lower transmissibility level 
will be obtained when a larger damping ratio is selected. 
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On the other hand, there is also only one peak of the acceleration transmissibility 
for the Non-Ideal skyhook system with small mass ratio. If the mass ratio is larger (e.g. 
m^  =10), the peak will disappear. It is because the damping for off-state can reduce the 
transmissibility level around the second natural frequency. Similar to the Ideal skyhook 
case, the transmissibility level is reduced and the peak is shift to left when the smaller 
mass ratio and larger spring ratio are given. By increasing the damping ratio of the on-
state the transmissibility level will also be reduced. 
Table 5 shows the effect of the transmissibility level by changing different 
parameters (for both Ideal and Non-Ideal system). Normally, people use the skyhook 
control policy to control the vibrating system. It is not necessary to know the 
characteristics of different parameters. However, there are some people to use the 
skyhook model to act as a reference model. Then this characteristics analysis is useful. 
This characteristics analysis shows the relationship between the transmissibility and the 
different parameters. It can provide enough information to design a good reference 
model. It can become a reference for the control method selection. Moreover, it can help 
engineer to understand this control method (Not just use only). 
Table 5 : Effect of parameters to transmissibility level for skyhook system 
Transmissibility level ~~Mass ratio Spring ratio Damping ratio 
Non-Ideal system ——^——Z^^Z^^^Zs^E：  LOW SMALL LARGE LARGE 
Ideal system ——^ L ^ ® Z S k l Z ^ E I ^ LOW S ] S ^ L LARGE LARGE 
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2.2.3 Groundhook Suspension System 
Again use the same range of parameters (shown in Table 3)，the acceleration 
transmissibility of groundhook system is shown in Figure 30. The arrangement is the 
same as the skyhook system. All together 9 graphs are shown in Figure 30. There are 
five curves to respect five damping ratio pairs for each graph. For (。„ = Oand = 0’ it 
is the passive case without damping. For = 0, they are Ideal groundhook cases and 
for l^off > 0，they are Non-Ideal groundhook cases. 
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Figure 30: Acceleration transmissibility of groundhook system with varied parameters 
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The characteristics of the groundhook system are similar to the skyhook system. 
When the smaller mass ratio and larger spring ratio are selected, the transmissibility 
level is small and the peak of the acceleration transmissibility is shift to left. When a 
larger damping ratio is given, the lower transmissibility level will be obtained. 
However, there are some special points worth to discuss. First of all, there is only 
one peak (for both Ideal and Non-Ideal groundhook system) if the mass ratio is large 
(e.g. /w, =10). The peak is around the first natural frequency, which is different to the 
skyhook system. If the damping ratio is small ((。„ =0.5), the spring ratio is small 
{k^ <1) and the mass ratio is equal to 1，there are two peaks around the two natural 
frequencies for both Ideal and Non-Ideal groundhook cases. Different to the skyhook 
case, the peak of the transmissibility will not be shift to left. 
Table 6 shows the effect of the transmissibility level by changing different 
parameters for groundhook system. The characteristics of the parameters are very 
similar to the skyhook system. 
Table 6 : Effect of parameters to transmissibility level for groundhook system 
— iTransmissibilitylevell Mass ratio Spring ratio Damping ratio 
Non-Ideal system ——^——LARGE S M A L L S M A L L 
L O W S M A L L L A R G E L A R G E 
Ideal system ——^——ZI^EI^MAU^  
^ L O W S M A L L L A R G E L A R G E 
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2.2.4 Hyb rid Suspension System 
Again to use the same range of parameters (shown in Table 3)，the acceleration 
transmissibility of hybrid system is shown in Figure 31. The arrangement is the same as 
the skyhook and groundhook systems. All together 9 graphs are shown in Figure 31 
where a = 0.5 for all cases. There are five curves to respect five damping ratio pairs for 
each graph. For ；。„ = 0and = 0 , it is the passive case without damping. For f = 0， 
they are Ideal hybrid cases. For > 0 ’ they are Non-Ideal hybrid cases. 
0 2 4 6 8 10 0 2 4 6 8 10 2 ： 6 % ~ i o 
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Figure 31 ： Acceleration transmissibility of hybrid system with varied parameters 
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In the section 2.1.4, the effect of the transmissibility by changing the hybrid gain 
a has been discussed. This section will focus on other parameters (e.g. mass ratio, 
spring ratio and damping ratio) and choose a constant hybrid gain a = 0.5. The 
characteristics of the hybrid system are similar to the skyhook and groundhook system. 
It has been shown in the section 2.1.5 that the comparison between the skyhook, 
groundhook and hybrid systems. Actually, the characteristics of the parameters of three 
semi-active systems are similar especially for the effect of mass ratio and spring ratio. 
However, the reduction of the transmissibility level by increasing the damping ratio for 
hybrid system is much obvious than the skyhook and groundhook systems. The reason is 
that there are resonance frequencies for skyhook and groundhook system but hybrid 
system can compensate the shortcomings of skyhook and groundhook systems such that 
there is no higher peak in the whole frequency range. Table 6 shows the effect of the 
transmissibility level by changing different parameters for hybrid system (still keep the 
hybrid gain a = 0.5). The characteristics of the parameters are similar to the skyhook 
and groundhook system. 
Table 7 : Effect of parameters to transmissibility level for hybrid system 
Transmissibility Mass ratio Spring ratio Damping ~Hybrid 
ratio gain,a 
Non-Ideal ^ A R G E S M A L L S M A L L L A R G E or 
system S M A L L 
L O W S M A L L L A R G E T A R O F 
HIGH L A R G E S M A L L S M A L L L A R G E or 
Ideal system S M A L L 
L O W S M A L L L A R G E L A R G E [oPTIMIZED 
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2.3 Stability 
A concept of stability due to Lyapunov is that the output and all the internal 
variables never become unbounded and go to zero as time goes to infinity for 
sufficiently small initial conditions. This concept is very important for the engineering 
practice. Since the initial conditions and the excitation function are always only 
approximately known, the systems need to allow only small changes in the behavior of 
the system from small disturbances. In this section, this stability concept will be 
introduced and the stability of the four suspension systems will also be discussed. 
2.3.1 Stability in the Sense of Lyapunov for Suspension Systems 
The linear time-invariant homogeneous vibrating system, 
x{t) = Ax{t), x(0) = x, (29) 
is called stable in the sense of Lyapunov at the equilibrium state x = 0 if for 
every positive R>0 there exits a positive number > 0 such that for all initial 
conditions is bounded by 
—)ll < ‘ (30) 
the corresponding trajectories x(t) remain bounded for alW > 0 by : 
H 〈 及 ’ V r > 0 (31) 
Thus the definition of the stability can be written as: 
V/?>0’ 3r>0, ||A:(0)||<r => V^ > 0,||jc(0|| < ( 3 2 ) 
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Conversely, an equilibrium point is unstable if the initial condition within the 
boundary r (for every r > 0) and eventually leave the boundary R f o r ^ oo . if the 
equilibrium point x = 0 is unstable, the vibrating system is not stable. 
For vibration suppression, only Lyapunov stability is not enough. What we need 
is Lyapunov stability but also require that the attitude gradually go back to its 
equilibrium point. 
The definition of the asymptotically stable is that an equilibrium point :c = 0 is 
asymptotically stable if it is stable, and if in addition there exists some r > 0 such that 
|A:(0)||<r implies that x{t) 0 as t — . The vibrating system is called 
asymptotically stable if it is stable and if, for every bounded initial condition, the 
corresponding trajectory tends to the equilibrium point jc = 0 as 
lirn^(0 = 0 (33) 
Since an asymptotically stable system could also be termed stable, it is desirable 
to adopt the following convention. A vibrating system will be called marginally stable if 
it is stable, but not asymptotically stable. 
The geometrical implications of the concepts of stability are illustrated in Figure 
32 for a 2DoF suspension system. It has been shown that the system is called stable 
means that the system trajectory can be kept arbitrarily close to the origin by starting 
sufficiently close to it. 
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Figure 32 ： Illustration of the concepts of stability 
The stability definitions can be applied to a linear system (29) then it can 
characterize its stability behavior simply be means of the eigenvalues X.. The linear 
time-invariant homogeneous system x{t) = Ax{t) is: 
Asymptotically stable if and only if all eigenvalues of J have negative real parts, 
ReA, < 0, / = !： « (34) 
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Marginally stable if there are on eigenvalues of A with positive real parts and there 
exists at least one eigenvalue with a vanishing real part, moreover the multiplicity Vj of 
each eigenvalue with a vanishing real part equals the nullity dj of the corresponding 
characteristic matrix { X j l - A): 
ReA, <0, /=l:/j, Re^j = 0 : d j = v^  (35) 
Unstable if at least one eigenvalue of A has a positive real part or there exists at least 
one multiple eigenvalue with a vanishing real part whose multiplicity v) exceeds the 
nullity d j of its characteristic matrix (A^ /一 A): 
Re A,. > 0 for one i or Re Xj = 0，Vj > dj for one j (36) 
2.3.2 Stability for four Suspension Systems 
In the above sub-section, the concepts of stability have been introduced. N o w this 
sub-section bases on those concepts to find out the stability of the passive, skyhook, 
groundhook and hybrid suspension system. The stability of the system will be discussed 
by means of eigenvalues. The characteristic equation will also be derived. By solving the 
characteristic equation, the eigenvalues will be obtained. Based on the stability concepts 
(34)，(35) and (36)，the stability of the systems will be identified. 
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First of all, the stability of the 2DoF passive suspension system will be discussed. 
From the equation of motion in equation (1)，the state space equation of the 2DoF 
passive suspension system is 
r 0 0 1 0 1 r 八八1 
「i:1 「 r 1 「 0 Ol 
0 0 0 1 太1 
• K 众 1 K c, 0 0「-
~ X, ~ rn, m, m, m, x, ^ 0 
U J i - ( 〜 3 . i 。 
[ 0 0 1 0 ] (37) 
0 0 0 1 
众1 众1 
where = — — 
P 讲1 w】 讲1 
K —(众1 + 众2) — (_£L) 
讲2 讲2 讲2 历2 
The characteristic equation of the equation (37) is p^ (A) = det(A/ 一 ^4》，i.e. 
讲1 讲2 历1 历2 術2 讲1历2 讲1讲2 
By solving the characteristic equation ，the eigenvalues A,, will be 
obtained. Then use the stability concepts (34)，(35) and (36), the stability of the passive 
suspension system can be identified. Then follow the same procedure, the characteristic 
equations of the skyhook, groundhook and hybrid system will be obtained as follows: 
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Since the Ideal case is the subset of the Non-Ideal case, the derivation of the 
characteristic equation of skyhook system will be shown for Non-Ideal case. From the 
equation of motion of Non-Ideal skyhook system, the state space equation is 
0 0 1 0 1 r ^  -1 
「 i 1 口 「 0 ol 
^ ' 0 0 0 1 
� � =- h i . A . JC2 0 0 r -
X 一 x^ m, m, m, 讲i J^i + 〇夕 
A . ^ - ( 迅 ） i - ( i ) A . ^ 0 
m^ m^ m^ m^ L爪2 」 
0 0 1 0 1 (39) 
0 0 0 1 
where A , = — — 
h.(众1+众2) i 一 ( i ) 
讲2 附2 讲2 讲2 
The characteristic equation of the equation (39) is 凡(又）=det(A/-4)，i.e. 
讲1 讲1 讲2 历1附2 附1 历2 
I ( c A I 认 I )义 I (40) 
m^m^ m^m^ m^m^ m^m^ 
In order to compare the systems easily, let the damping coefficient of on-state be 
Co„ =C, and off-state be c。# = c!. Then the characteristic equation becomes: 
Ps (A) = + ((e。”-eoff�Co甘 + ! + (众1 + 众 2) 
历1 讲2 俯1讲2 W, 讲2 
I ^ {^on I C。人)又 I K k , (41) 
Wj/Wj m^m^ rn^rn^ 
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From the equation of motion of the Non-Ideal groundhook suspension system, 
the state space equation is 
0 0 1 0 1 r -1 
「 i 1 「V "1「0 Ol 
0 0 0 1 
“ 二 A . f L ^ 0「乂 
U j i - ( 逃 ） i - ( f ^ ) ^ � 
" 0 0 1 0 1 (42) 
0 0 0 1 k� 
where A^ = — — 
容 w, /Wi Wj /Wj 
(众1+众2) (Cg+c!) 
The characteristic equation of the equation (42) is p^ (A) = det(A^ - 客），i.e. 
讲2 历2 讲1历2 讲1 爪2 
+ + 生 ) 又 + 丛 （ 4 3 ) 
m 飞 讲 1 讲 2 历1術2 
Similar to skyhook case, let the damping coefficient of on-state be c。„ 
and off-state be c。及=Cj • Then the characteristic equation becomes: 
p茫(A) = + ((c- -Coff�Coff + i + 
/w! m ) 讲丨讲2 讲丨 
+ ((。-Coff、k、+ M ) 又 + J ^ (44) 
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From the equation of motion of the Non-Ideal hybrid suspension system, the 
state space equation is 
0 0 1 0 1 r A Ai 
厂f 1 厂y 1 0 0 
^ 1 0 0 0 1 太1 
X,—讲 1 rn, m, m, ^ ^ [y 
U J A . - ( 処 ） - ( 均 A . ^ � 
m^ 讲2 術2 历2 L 2 」 
0 0 1 0 1 (45) 
0 0 0 1 k, k, c^+c, c, 
where A = — h w, m^ m� /Wj 
A . (众1+众2) i (Cg+q) 
nti /Wj 
The characteristic equation of the equation (45) is /?；, (A) = det(A/-A^,), i.e. 
/Wj 讲2 讲2 讲1讲2 饥1 讲2 
+ ( 丛 + 丛 + + 斗 ; t + A t (46) 
m�m2 /W1/W2 讲1讲2 讲1讲2 讲1讲2 
Similar to skyhook case, let the damping coefficient of on-state be c =c +c on g 1 
and off-state be c。及=c^ . Then the characteristic equation becomes: 
P , W = 义 4 + + + 叫c。” 一 c )(丄一丄))义3 
奶丨 讲 2 俯丨 m^ 
i(a(l-a)(c��c�,)2+(c�”-c�#)c^�, I k, I ft +k,) 
W1/W2 m^ (47) 
I ^i^an I Coffk) I ( 
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The parameters shown in Table 8 are the same as the Table 1 except the values 
of damping coefficients: c^ = = 6324 N-s/m，c�” = 2如Jc�= 6324 N-s/m， 
Coff = =3162N-s/mfor Non-Ideal systems and c。# = 0N-s/mfor Ideal systems. 
Substitute those parameters shown in Table 8 to the characteristic equation, the 
eigenvalues 义,of systems will be obtained and the stabilities of the four suspension 
systems can also be identified (refer to the Table 9). 
Table 8 : Parameters of the suspension systems 
Parameter Value 
Sprung mass of quarter car (mj) — 454.5 kg 
Unsprung mass of quarter car ⑷ 45.45 kg 
Spring constant of suspension system (kj) “ 22000 N/m 
Spring constant of tire (众2) 176000 N/m 
Damping coefficient of suspension damper ( c j ) 6324 N-s/m 
Damping coefficient for on-state (c„„) 6324 N-s/m 
Damping coefficient for off-state (Cpff) 3162 N-s/m 
Damping coefficient of tire (02) 0 N-s/m 
Table 9 : Eigenvalues and stabilities of the four suspension systems 
Non-Ideal ~ideal~“ 
A,. Passive Skyhook Groundhook| Hybrid Skyhook iGroundhookl Hybrid 
\ -13.7946 -34.7868 -2.9611 + -4.9377+ -0.0084-0.0842+ -3 5221 + 
+ 9.7l38i +51.5972i 6.1606i 4.8335i +66.Q427i 6.S727i 5 5337i 
A, -13.7946 -34.7868 - -2.9611 - -4.9377- -0.0084 - -0 0842 - -3 5221 -
-9.7138i 51.5972i 6.1606i 4.8335i 66.Q427i 6.5727i 5.5337i 
^ -5 姻 - 6 . 9 5 7 4 -40.0779 ； = -4.6440 -47.3411 ； 
义4 -119.9845 -6.9574 -100.1044 -9.2540 -91.6376 -34.7434 
-风 26251 -56.1185i R e A, All negative All negative All negative All negative All negative All negative All negative 
AsymptotioaUy Asymptotically Asymptotically Asymptotically Asymptotically Asymptotically Asymptotically  
stable stable stable stable stable stable stable 
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2.4 Optimization 
The parameters determining the behavior of the suspension systems, such as 
spring constants and damping coefficients, often don't have fixed values. The 
parameters can be varied within a certain range. Therefore, it can be attempted to choose 
the suitable parameters within these ranges so that the system becomes asymptotically 
stable and exhibits an optimum behavior in the working range. Based on the section 2.2, 
it can be known that the trend of vary parameters for the performance (in the sense of 
acceleration transmissibility). In the section, the main objective is to find a good way to 
choose a good hybrid gain for the hybrid system because the hybrid system has better 
performance comparing to the other suspension systems. One method proposed by [43]. 
The author tried to find the optimal damping coefficient of the passive suspension 
systems. Based on this method, the new idea for choosing a hybrid gain can be 
developed. Before discuss this idea, let's have an introduction of the optimization of the 
damping coefficient of the passive systems first 
2.4.1 Single-Degree-of-Freedom Passive System 
As shown in typical vibration books (e.g. [42]-[46]), the equation of motion and 
the displacement transmissibility equation of the SDoF quarter car model are: 
(48) 
… 孔 I 1 + (2C,)2 
^ li(l-r'y+(2C,ry (49) 
63 
PARAMER TRIC S TUP Y OF SUSPENSION S YSTEMS  
The acceleration transmissibility of the SDoF passive suspension system is: 
Xb (50) 
In the Figure 33 and Figure 34，there are the displacement transmissibility and 
acceleration transmissibility of the SDoF passive suspension system. There are 
intersection points at r = V2 in the both figures. In order to obtain a good performance 
for riding comfort, the acceleration of the sprung mass has to be kept to a minimum. By 
differentiating the acceleration transmissibility Ta and let the equation of the derivative 
equal to zero at r = V 2 , the optimal damping ratio is: 
“ 去 。 卜 去 ( r e — d ) (51) 
Then the displacement and acceleration transmissibility become: 
Xb h r ' - 3 r ' + 2 X , + 2 (52) 
1 2 
10 f ‘ • I 10 p . ^ 
— ? = 1 />rr I • — ij 
- - = 1 / 2 汀 - … / 斤 — 
_ .2/VT - - 丄2 
？ 广 ’ , 川 2 
I | 1 。 。 广 
% \ 〜 、 1 0 ' / % , 、 、 si。./ 
5 io' • 、〜 s < / 
. . . 10-'Li . . 
0 1 2 3 4 5 0 1 2 3 X 
Frequency ratio Frequency ratio Figure 33 : Displacement transmissibiMty Figure 34 : Acceleration transmissibility 
64 
PARAMER TRIC S TUP Y OF SUSPENSION S YSTEMS  
2.4.2 Two-Degree-of-Freedom Passive System 
Recall the acceleration transmissibility of sprung mass of the 2DoF passive 
suspension system (equation (5)): 
T a = 医 讲 六 1 + ( 2 ( , ) 2 ] 
1 K V 一 ( K + 讲 人 卜(/w, + + (53) 
In the Figure 35，there are the displacement transmissibility and acceleration 
transmissibility of the 2DoF passive suspension system. The first intersection points at 
r = yl3\-ylm are shown in Figure 35. By differentiating the acceleration 
transmissibility 7a, and let the equation of the derivative equal to zero at 
r = V31-V^，such that: 
^Ta, = 0 
办 (54) 
Since the solution of the equation (54) is very complicate and not easily to use, it 
can be simplified by approximation such that the optimum damping ratio is: 
一 Vl + 2众r 
。广 (55) 
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Then the displacement and acceleration transmissibility become: 
Td = + + ^ 
+mX + + 
叫=一 m;[2 + {l + 2K)r'] (56) 
By using the parameters, k^ and m^ in Table 1 and substitute those parameters 
into the equation (56), then the displacement and acceleration transmissibility of passive 
systems with different damping rations are shown below: 
10% ^ = = ~ ~ — . 10^  , , . 
c = v l+2k /8 VT ~ ‘ 
幻 r ^ 
^ — ^ = V 1+2k^/4 V T 
1 10' — ； =VTP2k|/2V-r I __ --
S A c = VT;2k^/VT I 10。 ^ 
— (=2VTOV々7 I Z：：：：：：；^ ^^：^：^：^  - - •. 
另 I . . ？ = 
S- S" __ C = 2 VTOiT/VT Q ‘ • • ° 丨丨 r 
. 0 2 4 6 8 1 0 0 2 4 6 8 1 0 
Frequency ratio Frequency ratio 
, 2 4 
10 1 . • 10 
y CM 
CD <0 
f � ^ ^ ^ ii。2 
I / — ； = viTair / 8 i 0 
s / _ ； = VT^/4VT r — “vir^f/aTF]. 
I • I • 
O r o t = 2 VTTak / VT 
< , , , < 10-4 I I : 
0 2 4 6 8 10 0 2 4 6 8 10 
Frequency ratio Frequency ratio 
Figure 35 : Transmissibility of the optimized 2DoF passive system 
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2.4.3 Hyb rid Suspension System 
From the above two passive systems, this optimization method is to find a 
intersection point for all different damping ratios and then differentiate the acceleration 
transmissibility and let the equation of the derivative equal to zero at that intersection 
point in order to find the suitable damping ratio with minimum slope. However, there is 
no intersection point in the acceleration transmissibility of the hybrid suspension for all 
different hybrid gain. Figure 36 shows the acceleration transmissibility of the Ideal 
hybrid system, which has been shown in the Figure 23. It seems that there is a 
intersection point around the frequency ratio r = 3. However, it can be seen that there is 
no unique intersection point for all hybrid gains when we zoom in to the frequency range 
r = 2.5 to 3.5 (see Figure 37). Therefore the previous method cannot be applied on this 
situation directly. 
4 10 I . 1 1 . 1 
.. I ^ ； 1 
\ I 
O 10" ( — a -0.25 • I ^ X f — a - 0 
< 一 a . 0.5 S 一 a -0.25 
- - a -0.75 < ^ ^ ^ O-0.5 
.4 ° - 1 - - a = 0.75 1Q I • • t I ^^^ _ 1 
0 2 4 6 8 10 “ °  
Frequency ratio 2.5 3 3 5 
Frequency ratio 
Figure 36 : Acceleration transmissibility Figure 37 : Acceleration transmissibility (/=2.5:3.5) 
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Although there is no unique intersection point for all hybrid gains, the 
intersection points seem that lie on the same frequency ratio, which is shown in Figure 
37 (the arrows point to the intersection points). However, it seems that the intersection 
points need to be created by the curves of a and (1-a) . In order to prove this 
phenomenon, recall the acceleration transmissibility equation (equation (26)): 
习 (57) 
where 
= -{IkXu ((1 + 2/w, (a + ( ] r 
Let a = /Zj and a = = (1 - )，substitute into equation (57), then 
a-、 (58) 
where 
= -iK + 讲r + 0 " +/W, 
bj = -队“ ((1 - )mr + K )y + (h, + k^ )�,]r 
Tn" = Ta =z r^ 讲r 
丨一 l l ^ T ^ (59) 
where 
a j = k y - (kr + / W人 + 讲r +4/W人/?1(1-/；1)(力”+/W, 
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Assume Ta[ and are intersected, we have 
Solve the equation (60)，then 
+ — (61) 
1 r r jfc^  =0.125 and/w,=10 
For all Ta' and Ta' with a = /zj and a:/?: — respectively, they have to 
1 fft 
intersect at r = (2 + — ) ( - ~ — ) for any 0 < /z, < 1 and 0 < /ij ^ 1. From the Figure 37， 
1 /C^  1 I f¥l^  
the transmissibility value at the intersection point is smaller which implies that the peaks 
of the transmissibility are higher. For example, transmissibility at the intersection point 
of a = 0 and a = 1 is the lowest but the peaks of transmissibility of them are highest. 
Therefore, the higher transmissibility at the intersection point will have lower 
transmissibility level around the frequency range. According to Figure 37, the h^  
increase and /？玄 decrease will cause the intersection point moving upward. When 
1 fit 
Ta[ = Ta' at r = + — X j - ^ )， t h e intersection point will be maximum. Thus, 
4 « = 0.5 (62) 
Therefore, based on the above result, the hybrid suspension system will have a 
good performance by choosing the hybrid gain a = 0.5. 
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The other optimization method can be based on the concept of section 2.4.1 and 
2.4.2，it is possible to find a hybrid gain, which the slope of the acceleration 
transmissibility at the frequency of the intersection point is equal to zero. 
Recall the equation (61)，the frequency ratio of the intersection point is: 
“、 ( 2 + 去 = 3 . 0 2 
‘ r 广 A：, =0.125 and m, =10 
By differentiating the acceleration transmissibility Ta^ and let the equation of the 
derivative equal to zero at r = 3.02, such that: 
-^Ta, = 0 => a = 0.4992 =0.5 (63) 
Therefore, this result is very close to that shown in the previous optimization 
method ( a = 0.5 ). However, this method needs further development because the 
solution of the equation (63) with general r is complicated. 
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Chapter 3 
SUSPENSION SYSTEM WITH VIBRATION CONTROLLER 
In Chapter 1，the controllable automotive suspension systems have been 
introduced. There are three main parts for the systems. They are suspension system 
model, controllable device and controller. M R damper (controllable semi-active device) 
has been selected in this study. The vibration controller includes two parts. They are 
system controller and damper controller. The details of the system model, the model of 
the M R damper and the derivation of the vibration controller will be discussed in this 
chapter. 
3.1 Two-Degree-of-Freedom Quarter Car Model 
The model of a car suspension can be represented by multi-degree-of-freedom 
system, which is shown in Figure 38. A quarter car model can be considered as a two 
degree-of-freedom suspension system as shown in Figure 39. The vehicle mass with 
passenger is represented by a sprung mass w； and the mass of wheels and associated 
components are represented by an unsprung mass m〕. The vertical motion of the system 
can be described by the displacement X] and X2. The excitation due to road disturbance is 
Xb. The suspension spring constant is ksj and the tire spring constant is ks2. Moreover, 
the damping force for the M R damper and damping coefficient of the tire are// and c:’ 
respectively. 
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广 J Sprung mass y f T ^ garter car body^ 
Tire damping ^  Tire spring 
Figure 38: A car model in a “ . , ® Figure 39 : A quarter car model 
By applying Newton's second law to the quarter car model, the equations of 
motion form； and /w:are: 
The car suspension system can be represented in the state space form as follows: 
「 0 0 1 0 1 「 0 0 0 ‘ 
I丨 0 0 0 1 太1 0 0 0 「 / , 
^^ = ^ 0 0 太2 丄 0 0 / (65) 
.icj 0 - i k J 丄 i i L 、 」 
-历 2 历2 讲2� L附2 附2 历2 
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3.2 MR Damper 
A prototype of M R damper (RD-1005-1 manufactured by Load Corporation) is 
used in this study. The length of the damper is 20.83 cm in its extended position. The 
mathematical model of the M R damper proposed by Spencer et al [31]. Figure 40 is 
adopted in this study. The hysteretic behavior in the damper is described by the Bouc-
Wen model. 
I ~ > y I 
Bottc-Wen 
\ -n 
Ca Y ] ~ 
Figure 40 : Model of the MR damper 
The model of the M R damper is shown in Figure 40. To obtain the governing 
equations for this model, consider only the upper part of the model. The resultant force 
on the rigid bar is zero. 
少 二 + 众 ( 6 6 ) 
where z is given by 
z = -y\x-}\\z\"''z-^{x-y}z\" +A{x-y) (67) 
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The resultant force generated by the system is then found by the summation of 
the forces in the upper and lower sections of the system in Figure 40，yielding 
F = c,y^k,{x-x,) (68) 
xo is used to account for the effect of the accumulator in the M R damper, a is a 
scaling value for the Bouc-Wen model and the parameters y, ^ A and n are used to 
control the scale and shape of the hysteresis loop. Until now, only the case for the 
constant power input is considered. In order to adapt to the environment, a model with 
changing input voltage should be considered. To determine a model including the 
fluctuation of the magnetic fields, the dependence of the parameters on the applied 
current must be determined. Therefore, the following linear relations have been 
proposed [31]: 
a = a(w)=a« (69) 
Cb =cAu、=CbQ+CbbU (70) 
(71) 
u is given by the following dynamic equation: 
u = -ri{u-v) (72) 
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where v is the voltage applied to the current driver. Equation (72) models the 
reaching rheological equilibrium of the M R fluid due to the change of magnetic field. 
The rate of reaching equilibrium is governed by 7]. This model can accurately predict 
the behaviour of the damper. Lai and Liao [39] determined the optimized parameters for 
the M R damper model by fitting the model to the experimental data. The resulting 
parameters are given in Table 1 [39]. 
Table 1: Parameters for the MR damper model 
Parameter Value Parameter Value  
Caa 784 Ns/m cXg 12441 N/m 
Cab 1803 Ns/Vm — ot 38430 N/Vm 
kg 3610 N/m y 136320/m^ 
Cba 14649 Ns/m ^ 2059020 /m' 
Cbb 34622 Ns/Vm A 58 
kb — 840 N/m n “ 2 
xo 0.0908 m 77 190/s 
3.3 Vibration Controller 
In this study, a semi-active control system is proposed. The block diagram is 
shown in Figure 41. The plant is the two degree-of-freedom suspension system 
excluding the M R damper. The vibration controller consists of two controllers. The 
system controller generates the desired controlled force while the damper controller 
adjusts the voltage level to track the desired force. In the block diagram, the plant is 
represented by the state space equation (65) and the M R damper has been modeled and 
given in section 3.2. The damping force of the M R damper is fd and the desired damping 
force generated by system controller is fc. 
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Force, I > 内》"» r- > fi ！ = — 
MR C(«mper Sy«t«m Controller 
,、•" Desired 
Damping 
, , L Damper Controller ^ Force,X 
Voltage, v < 
Figure 41 : Block diagram of the semi-active control system 
i 3.3.1 System Controller: Sliding Mode Control 
Sliding mode control is used as the system controller for the suspension system. 
The advantages of employing this control technique are that, the system can be designed 
to be robust with respect to modeling imprecision. And also, it can be synthesized for the 
nonlinear semi-active system adequately. In this study, the model-reference design 
approach is chosen. Therefore, the good reference is necessary to be considered. 
In practice, the mass of the vehicle varies by the loading conditions such as the 
number of riding persons and payloads. Therefore, we consider that parameter 
perturbations of the sprung mass exist in the system. Assume the possible boundary of 
the sprung mass as follows: 
w �= / « 0 + A / W i a n d |AWj|<0.2/Wo (73) 
where mo represents the nominal mass and A/wi is uncertain part. The mass 
uncertainty, which is 20% of nominal mass, is chosen here for the purpose of discussion. 
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The difference between the value of estimated nominal mass and the value of the 
real sprung mass is assumed to be bounded by known p: 
丄 
去 + M 《 〜 + 〜 (74) 
讲1 
, Am, . maximum for Am, =0.2 m. ^ 
where 1 + - is < . . 。 • . So can be chosen to be 1.25 




The objective of the model-reference approach is to develop a control algorithm, 
which forces the plant dynamics to follow the dynamics of an ideal model. The 
controller can force the error between the plant and the model states to zero as time 
tends to infinity. This will ensure that the plant output follows the model output 
faithfully. Therefore, the design of the reference model is very important. In the 
following sub-sections, the design of the sliding control algorithm and different 
reference models will be discussed. 
3.3.1.1 Reference models 
In the previous sections, it has been mentioned that the best suspension model 
will be selected as ihe reference model. Thus, the Ideal hybrid system should be selected. 
Since the Ideal hybrid system is the linear combination of the Ideal skyhook system and 
Ideal groundhook system, we still want to compare the performance of those systems. 
Therefore, these three suspension systems will be selected as the reference models. 
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For the Ideal skyhook reference model (in Figure 6)，the equation of motion is: 
‘ ^refl Vl + + (太 re/1 一 ^ ref2 )=〇 
f^reflKfl + 众"Vl ( V 2 -太 re/1) + ^ refl ( ^ 2 一太fc ) = 0 
And the state space equation is: 
0 0 1 0l r r • 1 r -| 0 0 
^ref\ 0 0 0 1 〜 1 
= b l L 0 〜2 I 二 | V 
V i ； V 丨 � 1 V i i U . V ks,�f� ks., +ks … • — 0 
〜 - i ^ - ( - ^ ~ ~ 0 0 〜 讲 _ � 1 饥refl J L refl 」 (76) I 
r n ^ 
-〜1] 1 0 0 0 〜 「 0 o"|「 , 
产 V i = 0 0 1 0 〜 + 0 0 
j ^ 」 ^ __££_ 0 " " 刚 [ o o p 」 
[ � 1 ^refl �I JL^-Zd 
For the Ideal groundyhook reference model (in Figure 16)，the equation of 
motion is: 
^ ‘ ^refl^refl + (^refX 一 ^ref2 ) = ^  
� 1 义 refl + Cg Kefl + ^ refl (^2 " ^refl ) + ^ ref2 i^refl " ) = 0 
And the state space equation is: 
0 0 1 0 1 厂 
rc" 1 r n r 0 0 
V I 0 0 0 1 r^ef\ 
〜 〜 0 0 〜 2 + I 
Vl �� �� Kefl ks 女 b 
知 - ^ - (〜 1 +〜 2 ) 0 _ _ f i _、 2 ^ 0 
.^ref2 r^ef2 讲re/2 J “  」 (78) 
"vil 1 0 0 0 、 八 fo 0] 
y= Ken = 0 0 1 0 太 + 0 0 太' 
v j � 0 0 ' 刚 [ o Op^ 
I f^refl f^refl JL J 
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For the Ideal hybrid reference model (in Figure 22), the equation of motion is: 
: ^reflKn - V 2 ) = 0 
^refl^refl + 0 " + ^ ^ refl (^refl " ) + ^ ref2 i^refl 一 太办） = 0 
And the state space equation is: 
0 0 1 0 1 r n 
r . -I r -] 0 0 
父 refl 0 0 0 1 � 1 
V , ks., ks.^ ac X G 0 「 1 
._ ^ref2 _ 剛 汉 方 0 无refl H 
" ~ m m m - + 0 0 . 
广 丨 , 〜 、 讲re/1 〜1 ks 3 . 
^ 0 一 ^ 0 
_ ^ref2 � 1 r^r^l J ““对丄 」 (80) ‘ 
〜 1 ] 1 0 0 0 「0 0]「 
少 = K e n = 0 0 1 0 + 0 0 
i ^ J ^ 0 … [ 0 oJL、」 
[^re fX ^refX ^refl JL^-Z^J 
3.3.1.2 Sliding mode control algorithm 
The sliding mode controller is designed to force the sprung mass motion of the 
system to track the sprung mass motion of the reference model. With the same road 
disturbance x^，the responses of the reference model ( ^ref^ r^ef andi^^^ ) can be 
transferred to the sliding mode surface such that: 
The sliding surfece is defined as: 
S = (81) 
where e = and e = x^ -义厂… 
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The sliding condition must be defined to ensure that the state will move toward 
and reach the sliding surfece. The proposed sliding condition is 
去去炉 < =>SS< -(p\S\ (82) 
where (p is a positive constant. 
From system model equations (64) and reference model equations (75,77 or 79), r 
S = e + ^  丨 
= (83) 
/w, /Wj J 
The best approximation for the^, a control law should achieve S = 0, thus 
( k \ 
f d o =讲0 一“ " - ( ^ 1 (84) 
( 〜 J 
In order to satisfy sliding condition despite mass uncertainty, a term 
discontinuous across the surface is added to the /卯• The desired control force f。can be 
expressed as 
人=力。-ATsgnCs) (85) 
where sgn is the sign function. 
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To avoid the chattering problem in the sliding surface, a saturation fiinction 
could be applied on the equation (85). Then the equation (86) becomes 
U o - ^ s g n ( ^ ) if|^|>0 (86) 
where O is chosen to be 1. 
Now, the switching gain K can be determined. Equation (83) can be interpreted as 
• Y (87) 
S x p w h e n ^ < 0 
When S > 0 , S < - ( p so the equation (86) becomes 
>i[(l- if 1^ 1 < O 
S /"o 讲 0 
r > [(1 - - A^) + 5 例 if 1^ 1 > O (88) 
where K , = — 
历0 
Similarly,when S < 0， S x p 
‘ K ' > if 1^ 1 < O 
S /Wo /Wo 
1中 | > 0 > (89) 
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Combining two cases from Equations (88) and (89), 
⑵0 J 卜 0 
1 册1 .. 1」，讲1 
= 1 X 作 一 知 
历0 俯0 
(90) 
Wo Wo Wo 
In the simulation, K' should be bounded by Equation (74) so it can be chosen to 
be: 
r = - ]+Pep (91) 
Wo Wo /Wo 
Based on the above control algorithm, the desired control force can be 
calculated. Figure 42 shows the algorithm of the sliding mode controller of the 
automotive suspension system. 
义i’jMI •• I I 
驗 e n” Sliding 
b、办^ n model ^ 厂 surfacc 
~ ； i r r i . X 
^ Equivalent ‘ F"""""  
• force • 和 sgn(S) 
~ - ^ i — • /c 
Figure 42 : Sliding mode control algorithm for automotive suspension system 
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3.3.2 Damper Controller: Continuous-state Control 
Using the above controller, the desired control force can be found out. However, 
M R damper is a semi-active device so it cannot generate arbitrary force like an active 
actuator. The damping force of the M R damper depends on the relative displacement 
and velocity at the point of the attachment. Therefore, it is necessary to "turn off，the 
damper when the desired force is to add energy to the system. The damping force of the 
M R damper cannot be commanded directly even the desired force is dissipating energy. 
The M R damper needs to be controlled by input voltage command signal. This section 
will introduce a damper controller called continuous-state control, which is used to find 
the suitable input voltage command to the M R damper such that the damping force of 
the M R damper can achieve the desired control force. 
~ ： ： ^ — — 。 c “ 
Saturation 
~ _ sgn — — 
™ Desired force, f^ 
Figure 43 : Block diagram of continuous-state control 
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For the continuous-state control algorithm, it was a feedback control strategy that 
can linerize the response of the M R damper [35]. The block diagram has been shown in 
Figure 43. The damping force of M R damper is fed back with a feedback gain B and 
compared to the desired force. The resultant error is scaled by a gain G. To ensure the 
damper cannot generate energy to the system, the controller function is enabled only 
when the direction of damping force and the error having the same direction. Thus, it is 
necessary to have the sign correction. If they have different sign, the input voltage needs 
to set to be zero. The suitable control signal is then varied between the maximum and 




v =厂議 （92) 
else 
where Vmax is the maximum voltage to the M R damper 
Vmin is the minimum voltage to the M R damper (i.e. 0 volt) 
fc is the desired control force calculated by the system controller 
fd is the damping force of the M R damper 
G is the scaling factor 
B is the feedback gain 
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Chapter 4 
SIMULATION RESULTS 
To evaluate the performance of the suspension system, the displacement and 
acceleration of the car body are considered. In this simulation, the sliding mode 
controller with continuous state damper control is used to control the suspension system. 
The values of G and B for the damper controller are determined by a trial-and-error 
method. The simulation parameters of the suspension system and the reference models 
used in this study are summarized in Table 10. In this study, the mass uncertainty (20% 
of the original sprung mass) Amj = 90.9 kg is used. Note that the parameters of the 
quarter model refer to [42]. 
Table 10 : Simulation Parameters 
Parameter Value 
Nominal sprung mass of quarter car (mn) 454.5 kg 
Mass uncertainty (Am；) 90.9 kg 
Sprung mass of quarter car (m；) 545.4 kg 
Unsprung mass of quarter car (w^) 45.45 kg  
Spring constant of suspension system (k,) 22000 N/m 
Spring constant of tire fe) 176000 N/m 
Damping coefficient of tire fo) …N-s/m 
Reference sprung mass (mr^) 454.5 kg 
Reference unsprung mass “ 45.45 kg 
Spring constant of reference system (kr^) • 22000 N/m 
Spring constant of reference tire (kr^) 176000 N/m 
Skyhook damping coefficient (c,) 126480 N-sAn 
Groundhook damping coefficient (c厅) 126480 N-sAn  
Hybrid damping coefficient fa) 126480 N-s/m 
Hybrid gain (Of) o l 
Reference damping coefficients fa^ and c ^ ) (for both) 0 N-s/m 
Sliding mode control gain, (0) f ^ 
Sliding mode control gain, (O) j ~ 
Sliding mode control gain, ( f ) “ 
Damper control gain, (G) “ o.0038  
Damper control gain, (B) ] 
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All the simulation results include the passive cases (passive off: 0 V and passive 
on: 2 V) and controlled cases (sliding mode controller with skyhook, groundhook and 
hybrid reference models). In this section, it includes two parts. The first part is the 
transmissibility analysis. By using sinusoidal excitation with different frequencies, it can 
be measured the peak-to-peak values to get the input-output ratios. The second part is 
three simulation tests. There are three different excitations, which are bump excitation, 
random excitation (white noise) and road elevation profile. Based on these three tests, 
the performance of the controlled suspension system can be evaluated. 
4.1 Transmissibility analysis 
The characteristics of the two-degree-of-freedom M R suspension system are 
evaluated through transmissibility analysis. By applying sinusoidal excitation to the 
suspension system with different frequencies, the peak-to-peak value of both 
.displacement and acceleration are measured such that the transmissibilities can be 
obtained. Figure 44 and Figure 45 show the displacement and acceleration 
transmissibilities of the sprung mass of the suspension system for 0 V input voltage, 2 V 
i叩ut voltage and controllers with skyhook, groundhook and hybrid reference models. 
The frequency range is from 0.2 Hz to 12 Hz. The displacement transmissibility is the 
ratio of the peak-to-peak values of sprung mass displacement and peak-to-peak values of 
sinusoidal excitation. The acceleration transmissibility is the ratio of the peak-to-peak 
values of sprung mass acceleration and the peak-to-peak values of sinusoidal excitation. 
The figures of the transmissibilities of unsprung mass will be shown in appendix A.I. 
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Transmissibility of x1 -»-Volt=o 




0.01 - J ~ ~ . , . , n , ~ ~ , ~ , ~ P _ _ , , _ _ , 
0 1 2 3 4 5 6 7 8 9 10 11 12 
Frequency (Hz) 
Figure 44: Displacement transmissibility of the sprung mass 
Transmissibility of a1 -« -vo i t=o 
- ^ V o l t = 2 
-• -Skyhook 
10 1 -M-Groundhook 
• -A-Hybrid 
0.01 - J ~ i ~ . ~ . ~ ~ . ~ ~ , ~ 1 ~ ~ , ~ , ~ ： — — , _ _ , _ , 
0 1 2 3 4 5 6 7 8 9 10 11 12 
Frequency (Hz) 
Figure 45 : Acceleration transmissibility of the sprung mass 
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For 0 V case, the frequencies of the peak amplitudes are 1 Hz and 9.8 Hz. It 
should be noted that the first peak frequency shifts to 1.8 Hz and the second peak 
frequency disappeared for 2 V input voltage. This is due to the change in system 
stifl&iess while applying constant voltage to the M R damper. The system changed from 
underdamped case to overdamped case. Moreover, the system with groundhook 
reference model controller has the peak amplitude at the frequency 1 Hz but the system 
with skyhook reference model controller has the peak amplitude at the frequency 9.8 Hz . 
For systems with hybrid reference model controller, there are no obvious peaks along 
the whole frequency range. It is because hybrid system has good vibration isolation 
performance around the resonance frequencies. Observing the figures, the displacement 
and acceleration transmissibilities of controlled systems with sliding mode controllers 
(included three different reference models) are always lower than those of the 0 V case 
within the frequency range. These results show that the controlled M R suspension 
systems can significantly reduce the vibration around the resonance corresponding to the 
sprung mass. Compared to the 2 V case, the displacement and acceleration 
transmissibilities of the system controllers with skyhook and groundhook reference 
model are higher around their resonances because the natural frequencies have been 
changed for the 2 V case. However, except the resonance frequencies, the 
transmissibilities of the system with constant 2 V are significantly higher than other 
systmes. Along the whole frequency range, the transmissibilities of the system with 
hybrid reference models are always the lowest comparing to the other four systems. 
According to the section 2.1，the hybrid system has a good performance for vibration 
suppression along whole frequency range. 
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4.2 Simulation 
The performances of the suspension system under bump excitation, random 
excitation and road elevation profile are evaluated through computer simulation. The 
responses of the bump excitation will be shown in time domain from 0 second to 5 
second And also，the responses of the random excitation will be used the power spectral 
density to analysis (frequency domain). The root mean square values of each response 
will be calculated and then compare to the passive case (voltage = 0 V). In addition, the 
responses of the road elevation profile will also be shown in time domain. By calculating 
the root mean square value, the performances of controlled suspension systems can be 
evaluated. 
4.2.1 Test by Bump Excitation 
The bump input with amplitude 0.01m is shown in the Figure 46. For bump 
excitation, the time range of all responses is 0 second to 5 second. 
Bump input 
0.01 r ‘ ‘7"* ‘ ^ — ‘ — ‘ — ‘ — ‘ — 1 
A 
0.009 - _ 
0.008 - _ 
一 0.007 -e -








0 . 0 0 1 -
o| 1 1 1 I I I I I  
0 ^ i 2 3 4 ts  
Time(8) Figure 46 : Bump input 
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The responses of the suspension system due to the bump excitation are shown in 
the Figure 47. By comparing the controlled systems (including the controller with 
skyhook, groundhook and hybrid reference model) to the passive systems (0 V and 2 V)， 
it can be seen that the displacement is reduced. In addition, the acceleration decays with 
faster time. Moreover, the rise times are slower and the settling times are faster 
comparing to the passive systems. With better performance in acceleration reduction, the 
controlled voltage applied to M R damper is less than 1.5 V. That means the power 
consumption of the controlled systems are much less than constant 2 V input. Although 
the performance of three controlled systems for bump excitation are similar, the hybrid 
case for voltage input is much more appropriate. 
Displacement of the vehicle body (x1) Acceleration of the vehicle body (x1) 
u .u I d ~ ‘ I I I ‘ I. 1 5 ^ 
• a — v � l t = 0 ‘ ——volt=o' 
0.01 • - - • 1 . . . - - . volt=2 
？ \ — skyhook 〜一 .；；•； — skyhook 
r ^ / I 一 groundhook o.5 • ；‘： , - 一 groundhook _ 
§ 0 005 j .1 一 hybrid • 旦 i “——hybrid 
..。-。。。5 \ j 、 1 . 
-0.01 I 1 J I I I 1 c . , 
0 1 2 3 4 5 -1_5o ； 2 3 J 5 
Time(s) Time(s) 
o «； Voltage applied to the MR damper Damping force 
fc >0 I' • I — | - - - I _ 
I - - - s k y h o o k 2 0 0 [ ^ ~ ‘ I - - skyhook H 
2. — groundhook » — groundhook ‘ 
~ 100. I 丨 一 口  
i ^ f\ 
1 1 . I 。 \ r — “ 
>。5 If -10° 霄 I 
。5 |i \f /、 -2。。 ！ 
ol . Ill I “•’‘ I n ‘ .. , ^ ‘ 
0 1 2 3 4 5 0 ； 2 3 J 5 
Time(s) Time(s) 
Figure 47 : Responses of bump excitation 
90 
SIMULATION RESULTS  
4.2.2 Test by Random Excitation (White noise) 
The white noise (zero mean) is chosen as the random excitation to the suspension 
systems，which is shown in the Figure 48. For this random excitation test, the time range 
is from 0 second to 40 second. In order to have a clear view, all the figures for time 
domain in this section will be shown by selecting first 5 seconds. 
Random input 0.02 p ‘ I ‘ 1 r 1 1 T ,——-~^  
0.015 
-0 .015 - ‘ 
-0.02 -
— 1 1 1 1 1 I I I I -
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 
Time(8) 
Figure 48 : Random input 
The responses of the random excitation are shown in the following figures. For 
the both displacement and acceleration of the sprung mass will be used the power 
spectral density to analysis in frequency domain. Figure 49 shows the power spectral 
density of the sprung mass displacement. Figure 50 shows the power spectral density of 
the sprung mass acceleration. Figure 51 shows the voltage input of the controlled 
systems. 
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2 Displacement PSD of the vehicle body (x1) 
10 1 1 1 1 1 1 1 I I — 
volt=0 
众 volt=2 
10"^  skyhook 





1 0-12 1 1 1 1 I I I 1 I  
0 1 2 3 4 5 6 7 8 9 10 
Frequency(Hz) 
Figure 49 : Displacement PSD of the sprung mass 
1 Acceleration PSD of the vehicle body (x1) 
10 F 1 1 1 1 r 1 1 1 1 3 
I J u ‘ 一 voit=o \k 
O j j w - - - volt=2 I 
: n ——skyhook ^ J 
J — groundhook 
hybrid 
10-3 1 1 1 1 1 1 I 1_ I  
0 1 2 3 4 5 6 7 8 9 10 
Fmquency(Hz) 
Figure 50 : Acceleration PSD of the sprung mass 
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Input voltage of MR damper 
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Figure 51: Voltage inputs of controlled systems 
Above figures are shown the frequency responses of the suspension systems 
under the random excitation. In Figure 49 and Figure 50, the displacement and 
acceleration are reduced for the frequency range from 0 to 10 Hz for three controlled 
systems when comparing to the 0 V and 2 V cases. Around the frequency at 1 Hz, there 
is a peak for both displacement and acceleration. The groundhook case is much higher 
than the skyhook and hybrid case at that frequency (1 Hz). This results matched to the 
section 2.1 and section 4.1. The transmissibility level of the groundhook system around 
the natural frequency is much higher than the skyhook system and hybrid system around 
the first natural frequency. The Figure 51 shows the input voltage of the controlled M R 
suspension systems. It shows that the groundhook and hybrid cases have lower voltage 
level. Therefore, the hybrid system has less power consumption for provide good 
vibration isolation. 
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To quantify the system performance under the random excitation, the root-mean-
square (RMS) values of the responses are shown in Table 11. It is shown again that the 
displacement and acceleration of the sprung mass can be reduced effectively by using 
the controlled M R damper. For the sprung mass with uncertainty, the sprung mass 
displacement of the controlled systems (for skyhook, groundhook and hybrid reference 
models) comparing to 0 V case are improved by 22%, 24% and 31% respectively. 
However, for acceleration, only groundhook and hybrid cases have improvement 
because there is peak amplitude around the frequency 8.9 Hz for skyhook case. The 
improvements of the groundhook and hybrid cases are both 19%. In addition, the power 
consumptions of the groundhook and hybrid cases are both 94.5% less than that of the 
system with constant 2 V input voltage. As a result, comparing the performance of 
displacement, acceleration and power consumption of three controlled systems, the 
systems with sliding model controller using hybrid reference model is the most effective 
in suppressing vibration under random excitation. 
Table 11: Comparisons ofOV, 2V and controlled cases under random excitation 
R M S values of R M S values of Average input Average power 
displacement (m) acceleration (ms"^) voltage (V) consumption (W) 
Ovolt “ 0.0051 0.4437 0 0 
2 volt — 0.0049 — 1.0628 2 0.8 
"Skyhook — 0.004 一 0.4833 0.9580 0.4589 
Groundhook — 0.0039 0.3610 0.2945 0.0434 — 
Hybrid 0.0035 0.3610 0.2960 0.0438 
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4.2.3 Test by Road Elevation Profile 
The road elevation profile is provided by [42], which is shown in the Figure 52. 
Originally, the road elevation profile is implemented by that the car is across 100m with 
the speed 80km/h. In this study, the road elevation profile is described in time domain 
from 0 second to 4.5 second. Based on this road elevation profile, the M R suspension 
systems can be evaluated by the realistic excitation. 
Road elevation profile: 
-0.02 1 1 1 • — — I , , , n- 
-0.03 - _ 
-0.08 - ‘ 1 ‘ _ 
-0.09 1 1 1 1 I I _i 1 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 
Time(s) 
Figure 52 : Road elevation profile 
The responses of the road elevation profile are shown in the following figures. 
For the both displacement and acceleration of the sprung mass will be shown in Figure 
53 and Figure 54 in time domain (from 0 second to 4.5 second with sampling time 0.005 
second). Figure 55 shows voltage input of the controlled systems. 
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Displacement of the vehicle body (x1) 
0 K 1 1 1 1 1 1 I I J 
\ ——volt=0 
-0.01 nV ^ A - - - volt=2 -
:r\ A A /A 丨 I V W P 
-0.1 1 1 1 1 I I I 1 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 
Time(s) 
Figure 53 : Displacement of the sprung mass 
Acceleration of the vehicle body (x1) 
8 I 一 volt=0 ‘ ‘ ‘ ‘ ‘ ‘ 
- - - v o l t = 2 
® skyhook 丨： -
— g r o u n d h o o k 




- 8 L 1 1 1 1 1 1 I I  
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 
Time(s) 
Figure 54 : Acceleration of the sprung mass 
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Input voltage of MR damper 
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Time(s) Figure 55 ： Voltage input of the controlled systems 
In Figure 53 and Figure 54, the displacement and acceleration of three controlled 
systems are reduced when comparing to the 0 V and 2 V cases. For comparing the three 
controlled systems, the hybrid system has the most significant improvement for the 
vibration reduction. To quantify the system performances, the root-mean-square (RMS) 
values of the responses are shown in Table 12. The sprung mass displacement of the 
controlled systems with the sliding mode controller with skyhook, groundhook and 
hybrid reference models comparing to 0 V case are improved by 14%, 9 % and 16% 
respectively. And also, the sprung mass acceleration of the controlled systems 
comparing to 0 V case are improved by 20%, 22% and 26% respectively. In addition, 
the power consumptions of the controlled systems are 51.85%, 85.95% and 70.91% less 
than that of the system with constant 2 V input voltage respectively. 
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Table 12 : Comparisons ofOV, 2V and controlled cases under road profile 
R M S values of R M S values of Average input Average power 
displacement (m) acceleration (ms’ voltage (V) consumption (W) 
0 volt — 0.0590 1.4423 0 0 
一2 volt — 0.0548 1.9001 2 _ 0.8 
""skyhook 0.0506 1.1559 0.8777 0.3852 
Groundhook — 0.0539 1.1230 0.4742 — 0.1124 
~Hybrid 0.0495 1.0663 0.6823 0.2327 
As a result, comparing the performance of displacement, acceleration and power 
consumption of three controlled systems among the bump excitation test, random 
excitation test and the road elevation profile test, the system with sliding model 
controller using hybrid reference model is the most effective in suppressing vibration 
under random excitation. 
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Chapter 5 
CONCLUSIONS AND FUTURE WORK 
5.i Summary 
A quarter car model with passive, skyhook, groundhook and hybrid systems has 
been proposed and the characteristics of each system have been investigated. Based on 
this analysis, it has been shown that the Ideal hybrid system has the optimal performance 
for vibration suppression of the car suspension system. The stability of the passive 
suspension system and three semi-active suspension systems have been discussed. The 
optimal hybrid gain of the hybrid system has also been found. 
The 2DoF quarter car model is considered and the Bouc-Wen model for M R 
damper is adopted. For vibration control of the car suspension system, sliding mode 
controller has been used as the system controller in order to handle the mass uncertainty. 
The three Ideal semi-active systems are chosen to be the reference models. The sliding 
mode control algorithms with these three semi-active reference models have been 
developed. On the other hand, the continuous-state damper controller has been designed 
to adjust the appropriate input voltage to the M R damper. 
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The transmissibilities of the M R suspension systems have been investigated. 
Moreover, the performances of the car suspension systems under three road excitations 
have been evaluated through computer simulation. Under the bump excitation, the 
displacement of the vehicle body has been reduced and the settling time is faster 
comparing to the passive system (0 V case). Under the random excitation, the 
suspension systems with the controlled M R damper can significantly reduce the root-
mean-square values of both acceleration and displacement, as compared to the passive 
system. It should be noted that the power consumption for the controlled M R damper is 
much less than that of the system with constant voltage. For the road elevation profile, 
the controlled suspension systems can improve both displacement and acceleration of 
the sprung mass with a little power consumption. These results again show that the 
controlled M R suspension system can improve the ride comfort quite effectively. 
5.2 Future Work and Further Development 
5.2.1 Parametric study of the MR suspension system 
The parametric study of the semi-active systems has been performed in this 
thesis. However, the characteristics of the parameters between the suspension systems 
and the M R damper can be another issue of interest. If the relationship between the 
system and the M R damper can be known, it would be valuable for designing an 
effective controller. However, there are fourteen parameters in the M R damper model 
and five parameters for the suspension system, the relationship between those 
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parameters could be very complicated. Another future work is to develop a simpler 
mathematical model for the M R damper with less number of parameters but better 
accuracy. Then it could be easier to study the parametric relationship for the M R 
suspension system. On the other hand, characteristics of the M R suspension system can 
be affected by the location of the M R damper. In this study, the M R damper is installed 
between the sprung and unsprung masses for the automotive suspension system. 
However, the M R damper could be installed between the base of the system and the 
unsprung mass such as a seat suspension system. To find the influence of the position of 
the M R damper to the suspension system is another valuable task for future development. 
5.2.2 Systematic method for selecting control gains 
In this study, the gains of the damper controller are determined by trial-and-error 
method. For different systems, it is time consuming for designing different controllers 
by using trial-and-error method. It would be better to find a systematic method to 
determine the damper controller gains. 
5.2.3 New control algorithm 
In order to handle the loading uncertainty, the sliding mode control is selected to 
be the system controller. However, there are other control methods that could be more 
effective to control the system. For different systems and working conditions, it could be 
desired to develop different system controllers for the M R suspension systems. 
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5.2.4 Extension to half andfitll car models 
In this study, the 2DoF quarter car model is considered. It can be extended to more 
general systems such as half and full car models. These systems will include more 
degrees of freedom such as pitch and roll motions. By doing that the handling 
performance of the car can also be investigated. Since the 2DoF quarter car model can 
only consider vertical motion, the handling problem involving other motions cannot be 
studied. For the half and full car systems, the design of the controller should balance the 
trade-off if any between the effectiveness of vibration suppression and the handling 
performance. 
5.2.5 System implementation 
Besides the analysis and simulation, it is valuable to implement the closed-loop 
systems. It has been shown that the effectiveness of the M R suspension system with 
SDoF skyhook reference model for a sliding mode controller is demonstrated via 
Hardware-In-the-Loop Simulation (fflLS) [40]. For future development, the M R 
suspension systems with different reference models (skyhook, groundhook and hybrid 
reference models) can also be validated by MILS. The overall controlled suspension 
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A. 2 Additional figures of the random excitation test: 
Displacement of the vehicle body (x1) 
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